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B mocobun mpuBeneHsl BapuaHThl 3aJaHU KOHTPOJIbHOW paboTbl Nel mmst
CTYAEHTOB 3a04HON (hopMbl 00yueHUsl (OJHBIA KypC) IO TEMaM, COOTBETCTBYIOLIUE
0a30BOMYy YpOBHIO H3Y4YEHHMsS IUCHMIUIMHBI «MaTemaTuka» B IEPBOM CEMECTPE,
c(OpMyJIMPOBAHBI METOAMUYECKHUE PEKOMEHIAIMM 110 X BBINOJIHEHHIO. PaccMOTpeHsI
Takke oOpa3lpl pElIeHHs BCEX 3aJaHUl M KpaTKUE TEOPETUUYECKUE CBEACHUS,
UCITIOJIB3YyEMBIE B 3TUX PELICHUAX
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BBEJAEHUE

Y4eOHO-MeTOInYEeCKOe TTOCOOHUE COACPKUT UHAMBHUIYAbHbIC 3aJaHUsI KOHTPOJIbHON
paboThI O AMCHUILIMHE «MaTteMaTukay JIJIsl CTy/ICHTOB 3a04HOM (hOPMBI 00YUECHHSI B IEPBOM
CeMecTpe MpU MOJHOM Kypce. TemaTuka 3aJaHuil KOHTPOJIbHOM paOoThl Nel oxBaThIBaeT
CJIEYIOIIE TeMbI AUCIMILTUHBI: OCHOBBI JIMHEHHOW anreOpbl, aHATUTUYECKON TeOMETpPHH,
BEKTOPHOM anreOpbl, TEOpUH TMpeaenoB, AUQPQEpeHInaIbHOe HCYUCICHUE OJHOW U
HECKOJIbKHX NIEPEMEHHBIX.

Kaxxaplii BapraHT KOHTpOJBHOM paboThl BKItouaeT 16 3amanuii. IlpaBuno BeiOOpa
BapHaHTa C(hPOPMYIMPOBAHO B COOTBETCTBUM C HOMEPOM 3a4ETHON KHMKKU CTyJIEHTa. JTO
IPAaBUJIO NIPUBEACHO NMEpe]] 3aaHUIMU KOHTPOJIBHON pabOTHI.

B mocobGum mnpencTaBieHbl OCHOBHBIE TEOPETHUECKUMHU IOJIOKEHHUS U TOHSITHS
(KOHCTIEKT JIEKIIHI1), COOTBETCTBYIOIINE OA30BOMY YPOBHIO U3yUEHUS JUCIUILIMHBI IO TEMAM,
BKJIIOUYECHHBIM B 33JJaHUS KOHTPOJIbHOU paboThl Nel, moapoOHoe perieHne U ohopMiIeHUE BCEX
3aJlaHUi KOHTPOJIbHOM paOOTHI.

Bb10op TeMaTHKM OCYIIECTBIIAJICS HAa OCHOBE aHalM3a T'OCYJAPCTBEHHOIO CTaHAapTa
0a30Boil moaroToBku OakanaBpoB HampasiaeHus 23.03.02 «HazemHble TpaHCIIOPTHO-
TEXHOJOTUYECKUE KOMIUIEKCHI.

[IpuBeneH CHHUCOK TEOPETUYECKUX BOIPOCOB Ui MOATOTOBKM K JK3aMEHY IIO
aucUIUInHe «MaTtemaThka» 1Mo TeMaM, BKIIOYEHHBIM B 3aJJaHUsl KOHTPOJIbHOU paboThl Nel,
a TaKKe peKoMeHtyemast JIy1s 0oJiee OJTHOTO U3YyUYEHHs MaTepualia, a TaKkKe I TOJATOTOBKU
K 9K3aMeHYy yueOHasl TuTeparypa.



METOJUYECKHUE YKA3SAHUSA U 3AJIAHUS 1J151 KOHTPOJIbHOM
PABOTDI Nel

Yeaowcaemvie cmyoenmut!

JI1s1 KaueCcTBEHHOr0 OCBOEHHUSI YYEOHOro Marepuana JUCUHUIUIMHBL «MartemaTtukay u
YCIENIHOTO BBITIOMHEHUS 3aJlaHuil KOHTPOJbHONU paboTel Nel Bam HeoOxommmo, mpexie
BCETO, M3Y4YUThb TEOPETHUUECKUMU MaTepuaj, 3aTeM pPacCMOTPETh M IPOAHAIU3UPOBATH
MpUMEpHI PEIICHUs MPpaKTUYecKuX 3a1ad. B atom Bam momoryt pazobpaThcsi ykazaHHBIEC B
HallleM MocoOuu MH(OpPMAlMOHHBIE UCTOYHHMKH, a TAK)K€ MPUBEACHHBIN B MOCOOUU OYEHb
KPAaTKUM KOHCIEKT JIEKIUH.

[Tocnie 3TOro Bbl MOKETE IPUCTYIATH K BBITOJIHEHUIO 3alaHU CBOETO BapHUAHTA.

BynbTe BHUMAaTENbHBI K ONIPEEICHNIO HOMEepa Ballero BapuanTa. [IpaBuiio ero Beibopa
JOCTAaTOYHO MPOCTOE, OHO CHOPMYIMPOBAHO MEPE 3aJaHUIMU KOHTPOJIBHON paOOTHI.

[Tpu camocTosITENEHOM pelieHnH 1 0(hOpMIICHUH 3aJaHui Baliero Bapuanta Bam Oyner
MOJIE3HO HCIIOJIb30BaTh PACCMOTPEHHBIM B MOCOOMHM 00pa3el] BBINOIHEHUS U O(opMIIeHUs
BCEX 3aJaHUIl KOHTPOJbHOM padoOThl. BBIMONHATH 3alaHus LENeco00pa3HO MO3TAIHO, IO
TEMaM.

B nocobuu Takke mpuBEAEHBI BOIPOCHI JIJIsl MOATOTOBKU K 3K3aMeHy. X m3yueHue
PEKOMEHIyeTCsl HAUMHATD MPU BBINIOJHEHUN KOHTPOJIBHON paOOTHI.

BapuaHTsl 3aJaHUI KOHTPOJILHOM padoThl Nel
Bapuant Ne n

Ilpaguno evibopa nomepa eapuanma KOHmMPOAbHOU padompl: HOMEPOM BapuaHTa
CIIY’KUT YUCJIO N, paBHOE CyMME JIBYX MOCJIETHUX U(PP 3a4ETHONU KHUKKH CTYJICHTa, €CITU 9TO
He Hosb. Ecnu ke aBe mocneaHue mudpbl HOMEpa 3a4€THON KHIKKH CTYACHTAa HYJH, TO
cienyeT nojarath N=19.

Bo Bcex 3amaHnsIx CBOETO BapraHTa BMECTO N HE0OXO0IMMO MOICTaBUTh HOMep Barero
BapHaHTa.

1.  Jluneitnas anzedpa, ananumuueckas 2eomempus, 6eKmMopHasn anzeopa

3aoanue 1.1
Haiiti: 1) 3A—4B y 2) npoussenenne A-B, eciu

-1 n+5 2 n 2 -5

A=n-10 3 —-1(B={3 1 4

2 2 1 5 3 —-n
3aoanue 1.2



X o+ ox, +  x n+1

Pemmthb cucreMy ypaBHEHHH 3,

- x, + 5x; = 5-n
x + x, — n-x; = 0
meronom Kpamepa u metonom ["aycca.
3aoanue 1.3
Haiitn KOCUHYC yria MEXKIY BEKTOpaMU AB 51 AC
A(5,n,3), B(0,-1,n-4), C(1-65).
3aoanue 1.4

BpraucnuTh miomas TpeyrojibHuKa ¢ BepmuHaMu B Toukax A(9, n-5, n), B(3,5, n) u
C(10, -3, 7).
3aoanue Nel.5
Haiity cMelaHHOe Ipou3BeieHre BekTopoB a = {1;2;n—-20}, 5:{0; 1,4}, C= {2; 2; 0}.

3aoanue 1.6

[lonyunTh ypaBHEHUE IPAMOM, TPOXOAALIEH:
a)  uepes Touknu M, (L 2,n) u M,(n,3,7);

6)  uepes TOuKy M,(n+1 2, —5) napamiensHo Bekropy MM, .

3aoanue 1.7
[TomyunTs  ypaBHEHHWE IUIOCKOCTH, TMpoxojsamier depe3 Touky A(2;n;l)
nepreHauKyisipHo Bekropy BC , ecau B (6; -1; n) u C (2;n-3;4). IIpuBectu momydyeHHOE
ypaBHEHHE K O0IIEeMY YpaBHEHUIO TNIOCKOCTH U K YPaBHEHHUIO B OTPE3KaxX Ha OCsX.

2. Ilpedenwi, oughpepenyuanvrnoe ucuucnenue

3aoanue 2.1

Breruncnuth npenensl GyHKIMI:

nx + 4 x? -1 X3 +3%x% +5x+1

a) lim - 0) lim - B) lim
)Hs 2 n’ ) o1 X2 —(n+1x+n’ ) xom  N-X2+2X+n

3aoanue 2.2
Brraucnuth npenens ippallMOHAIBHBIX (DYHKITUHI:
_ AJX+9-3 x4 2x3 41
1) lim————;2) lim 5
x—0 nx X—00 X +5

3aoanue 2.3

5 . sin? x-sinnx
Bbraucnute npeaen TpuroHoMeTpudeckoi GyHkum: lim 2
x—0 tg°2x

3aoanue 2.4



n

o o X" +1
Haiiti nmpou3Bo Y0 MepBOro NopsiKa 3aJaHHOU PYHKIIUH Y = b

sin X
3aoanue 2.5
Beraucnuth yriioBoit ko3hdUIIMEHT KacaTeIbHOM K TpaguKy GYHKIIMU B TOUKE X, =N

nx+5

+(n+3)-e

y=x*+nx—(n+5).
3aoanue 2.6
BBIYHMCIIUTE CKOPOCTH JIBUKEHUS MATEPHAILHON TOYKH B YKa3aHHBLIA MOMEHT BPEMEHH, €CIIU

s(t)=nt? +3t+(n+10),  t=3cexk.

3aoanue 2.7
Haiitu sxctpeMymbl yHKIUHM y = x° —3n’x +1.

3aoanue 2.8
Boeraucnuts npenen GyHKIuu ¢ moMoIsio npasuia Jlomurars.

x?—=(n+1)x+n
“—e

lim
x—>1 e

3aoanue 2.9
Haiiti yacTHBIC IPOM3BOTHBIE ITEPBOTO MOPsiIKa (PyHKIMH Z = X "y + xy" +InX no kaxmoit
13 HE3aBUCHUMBIX TIEPEMEHHBIX.

OBPA3EIl BIINTOJHEHUS 1 O®OPMJIEHUA 3AJAHU BAPUAHTA
KOHTPOJIbHOM PABOTHI Nel

Oo0pasen BapuaHTa 3aJaHUIl KOHTPOJIbHON Pad0THI
1. Jluneiinas anzeopa, ananumuueckas ceomempus, 6eKMopHas anzeopa

3aoanue 1.1

o 1 -21 6 0
Haiitu 2A+§B u A-B,ecnu A—(_32J, B—(z_z)

3aoanue 1.2

2x, + x, — x5 =1
Pemnts cucteMy ypaBHeHHH  |_ . | o 4 2y

3x, — x, + X

metonoMm Kpamepa u metonom ['aycca.

3aoanue 1.3
Haittu KOCHHYC yria MEXIY BEKTOpaMH AB 51 AC :
A(1,-2,3), B(0,-1,2), C(3,-4,5).
3aoanue 1.4



Bbruucnuth miomiaap TPEyroyibHUKa ¢ BeplmiMHaMH B Toukax A(5; 2;-3); B(L1 -2);
C(34;,-1).
3aoanue Nel.5
Haiitu cmemannoe mpousBeiIeHue BEKTOPOB a = {l; -2;— 2}, b = {4; 1 1} , C= {3; -2 —3}.

3aoanue 1.6

[lony4unTh ypaBHEHUE IPAMOU, TPOXOISAILECH:
a)  uepes toukn M,(1,2,3) u M,(0,-4,2);

0)  uepe3 TOUKy M3(1, -2, 4) napaienasHo Bekropy MM, .

3aoanue 1.7
[TonyunTh ypaBHCHHE IUIOCKOCTH, IPOXOJSINCH Yepe3  TOYKY A(4,2,3)

NEPICHIUKYIAPHO BEKTOPY BC, ccnu samaunl B (-4,0,1) u C (2,3,—3). [Tpusectu

MOJIYYeHHOE YpaBHEHHE K OOIeMy YpPaBHEHHIO TUIOCKOCTH M K YPaBHEHMIO IIOCKOCTH B
OTpE3Kax Ha OCSIX.

3aoanue 2.1
3x+1 =4 . X+ 2x*+x+4

Brruucnuth npenenst: a) lim ; 0) lim B) lim
P X"”,IXZ_{_]_’ X—2 X2+3X—1O’ X—>00 X3+3X+1

3aoanue 2.2

4
\/x+13—2;2) lim VX' +5

xom X2+ 2X+T

Boeruucnuts npeensl uppauuoHaibHbIX GyHKIMA: 1) lim
x—3

3aoanue 2.3

. . Xx?-sin3x-sin 7x
BhIuucuTh penen TpUroHOMETpUIecKoi GyHkium: lim .
X—0 tg X

3aoanue 2.4
Haiitu npon3BoIHYIO IEPBOroO NOPAIKA 3aJaHHOM QYHKIUU Y =— 5~ In (x2 +1).
e’ +
3aoanue 2.5
BBIUKCIIUTE YII10BOM KO()(OULIUEHT KacaTeIbHON K TpaguKy GYHKIUH B TOuke M, (2;4)
y=x*(x~1f
3aoanue 2.6

BLIYUCIUTB CKOPOCTD JBUKEHUS MaTepHanbHoii Touku S(t)=(t+1)° gepes Tpu cexyHabl

[IOCJIE €r0 HAayaJIa.
3aoanue 2.7

Haiftu skcTpeMyms dyHKimn Y = 2X° +63X° +120x +11,

3aoanue 2.8

2
. X°=7x+10
Berurcnuth npezen GyHKIUYU ¢ moMoIibio npasmia Jlomurans lim —————
x=5 X% —4x—5



3aoanue 2.9
Haiitn gacTHbIC TIPOM3BOIHBIC TIEPBOTO TIOPsKA (PYHKIMH z = (x2 + 3x)- cos5y+e’ -sinx Mo
Ka)XJI0W U3 HE3aBUCHUMBIX ITIEPEMEHHBIX.

Pemenue 3aganuii Bapuanra - odpasua
3aoanue 1.1

. 1 -21 6 0
Haiitu 2A+5B u A-B,ecnu A_(_32j, B_(z_zj.

Pewenue

1 -21) 1 (6 O -4 2 30 -12
2A+-B=2- +—- = +
2 -32) 2\2 -2 -6 4 1-1) (-5 3

—21)(6 0) (=2-6+1-2 —2.0+1-(=2))_(-10-2 51
AB={_32)12-2)7|=3.642.2 -3.042-(-2)) |\ -14 -4 172

3aoanue 1.2
2x, + x, — x3 =1
Pemnts cucreMmy ypaBHenut y—-x, + x, + 2x; = 7,
3x, - x, + x; =

metonoMm Kpamepa u metonom ['aycca.
Pewenue
®opmynel Kpamepa 15 cuctemsl 3-TO MOPSAAKA UMEIOT BUL:
AL A, _A

X]_:_l 2 = ’ 3 — )

A A
I1€ A-TJIaBHBIM OIPEACIIUTENb 3aJaHHOM CHUCTEMBI, A, A,, A; —BCIIOMOTaTEIbHbIE

ONpEACIIUTCIIN.
Brrancnum mooyepenHo A, A, A,, A,, pacKiIaApiBas KaXIbld W3 HUX IO DJIEMEHTAM

IIEPBOM CTPOKH.

2 1 -1
1 2 -1 2 -1 1
A=l-1 1 2|=2. -1 +(-1)- =
-1 1 31 3 -1
3 -1 1
=2-(1-(-2))-1-(-1-6)+(-1)-1-3)=2-3+7+2 =15,
1 1 -1
1 2,7 2 7 1
A= 1 2/=1 -1 +(_1). —
-11] |4 1 4 -1
4 -1 1
=1-(1+2)-1(7-8)-1-(-7-4)=3+1+11=15,
2 1 -1
7 2 -1 2 -1 7
A,=-1 7 2/=2. ~1. +(-1)- -
4 1 31 3 4
34 1

=2.(7-8)-1:(-1-6)-1-(-4-21)=—2+7+25=30,



2 11
Ay=-1 1 7|=
3 -1 4

3 4

1 7 -1 7
. -1
3 -1

+1.

=2(4-(-7))-1-4-21)+(1-3)=22+25-2 =45,
ITo dbopmymnam Kpamepa nonydaem:
15 . 30 _, 45 _

X, =—=1 X, =—= X, =—=3.
' 15 2 15 15

Meton "aycca pemieHusi CHCTEMbI TUHEHHBIX anreOpanyecKux ypaBHEHHUN COCTOUT B
MOCIIEA0BATEILHOM UCKIIOYEHUH HEM3BECTHBIX C IOMOIIIBIO 3JIEMEHTAPHBIX TPE0Opa30BaHUM
Y IIPUBEICHUU CUCTEMBI K TPEYTOJIBHOMY BUAY.

Brimuiem pacmpeHHy0 MaTpUIly UCXOJHOM CHCTEMBI U MPUBEAEM €€ C MOMOIIBIO
3JIEMEHTAPHBIX PE0OPa30BaHUI CTPOK K TPEYTrOJIbHOMY BHITY.

2 1 -11 -1 1 2 7
C, C,+2C,—>C,
-1 1 2 7|2 1 -1 1 ~
C C3+3C;—>C3
3 -1 1 4) 733 -1 1
-1 1 1 7 -11 2 7
2C5+(-2)C, »C4q
0 3 3 15 ~ 0 3 3 15|
0 2 7 25 0 0 15 45

[1o mony4eHHON MATpHUIIE BBIMUIIEM SKBUBAJICHTHYIO CUCTEMY JIMHEHWHBIX YPABHEHUN:

=X, + X + 2X; = 7
3, + 3%, = 15
15x, = 45.

BprunciuM Teneph MoOCienoBaTENbHO 3HAYEHUS HEU3BECTHBIX, HAYMHAS C TPETHETO
45
YpaBHEHUSA: X; = 5 Xy = 3.
3x,+3:3=15; 3x,=15-9; 3x,=6; X,=2.
-X+2+2:3=7, =X, =7-2-6; —x =-1, x =1
3amMeTuM, YTO Tepe]l 3alUChI0 OTBETA KEJNATebHO YOEIWThCS B TPABUIBHOCTU

MOJIyYEHHOI0 PEUICHHUs, CIENIaB MPOBEPKY. [ 3TOro mojacraBbTe MOJYYEHHOE PELICHUE B
3aJJaHHYIO CUCTEMY.

Omeem: x =1, x,=2; X,=3.
3aoanue 1.3
Haiitn KOCUHYC yria MEXKIY BEKTOpAMU AB u AC :
A(1,-2,3), B(0,-1,2), €(3,-4,5).
Pewenue

KocuHyC yria Mexiy Bekropamu a{X,,Ya.Z.f u D{X,,Y,,Z,} Haxomurcs mo
bopmyire: cos(é,ﬁj:
VY2 +2L G+ + 2

Haiinem koopausate! Bektopa AB: AB={0-1;-1-(-2);2-3}={-1;1;-1}

X Xy +Ya¥p + 2,2

10



Y KOOPJMHATBI BEKTOPA AC: AC = {3—1; —4—(—2); 5—3}: {2; —-2; 2}.
OnpesIeITiM Terepb KOCHHYC yriia Mex 1y Bektopamu AB u AC
COS(E,AAC _ (- 1)2+1( 2)+ (—1)-2 _-2-2-2_-6_ 6__,

j\/( 41?1 (C1f 22 (2P 422 V312 "V 6

B 5TOM cllydae MOKHO YKa3aTh U CaM yroi MeXy BEKTOPaMH: (ﬁ ACJ =

Omeem: (E ACJ =

3aoanue 1.4
BerauciuTh 1Ioniaap TpeyrojibHUKA ¢ BEpIIUHAMH B Toukax A(5;2;-3); B(L 1 —2);

C(3; 4, -1).
Pewenue

HaiiieM KOOpAMHATBI BEKTOPOB AB U AC, BBLIXOAANIMX M3 OJHON BEpIIMHBI
tpeyronshnka AB = {(1-5);(1-2);(-2—(-3))}={-4;-1;1}.
AC ={(83-5);(4-2); (-1-(-3))=1{-2;2;2}.

[I;momaap TpeyrojibHUKA, MOCTPOCHHOTO HA BEKTOpPax AB u AC, paBHa IIOJIOBHHE
J— _ 1 [ o -
MOJYJISI BEKTOPHOTO Ipou3BeaeHus AB 1 AC: S, = E‘ AB x AC ‘ Hatinem AB x AC , 3aTeM
BBIYHMCIIUM JTMHY (MOYJIb) MIOJYYEHHOTO BEKTOpa

-1 1 .|-4 1 _-|-4 -1
‘_.“ ‘ k‘ ‘_

k
ABxAC=[-4 -1 1|=1i- +k- =
5 -2 2 -2 2

=—4i +6] —10k = {-4; 6; —10}.

ABx AC |=+/(=4f +6% +(~10) =+/16+36+100 =+/152 = 2/38 .
| | J(-4)

1| — —
CrnenoBaTeNibHO, S, e :E-‘ Bx AC ‘=— 2+/38 =+/38  KkB. exuHHIL
3aoanue Nel.5
HaiiTi cMenanHOe TIpousBeieHe BEeKTopoB a =11 -2, -2}, b ={4;1,1}, ¢ ={3,-2, -3},
Pewenue

HaiigeM cMeIIaHHOE NPOM3BEIEHHME BEKTOPOB a,h,C uepe3 UX KOOPAMHATHI II0
W3BECTHOU popmyiie.

&8 8l L -2 -2 1 1 4 1 4 1
(@b,c)=|b, b, b,|=[4 1 1|= ‘ ) 3‘ (—2)-‘3 3‘—2-‘3 2‘=
c, ¢, C 3 -2 -3 -t - -

X y z

11



=(-3+2)+2-(-12-3)-2-(-8-3)=-1-30+22=-9.
Omeem: -9.
3aoanue 1.6

[TosyuuThs ypaBHEHUE NPSMOM, TPOXOIAIICH:
a)  yepe3 TOUKH M1(1,2,3) u I\/IZ(O,—4,2);

0)  uepe3 TOUKY |\/|3(1, -2, 4) napauienbHo Bekropy M; M, .

Pewenue
a)  VYpaBHeHHS [pAMOW, NPOXOAALIEH dYepe3  TOUYKU Ml(xl, Yy Zl) U
X=% — Y=Y — -7
X, =% Yo=¥ 4,74

Mz(xz ' Yo, Zs ), B IIPOCTPAHCTBE UMEIOT BUJ:

B namem ciydae nosnydaem:
x-1 y-2 z7-3, x-1 y-2 z-3
0-1 —-4-2 2-3’ -1 -6 -1
0) VYpaBHEeHUST TPSAMOM, MPOXOIAIICH Yepe3 3aJaHHYIO TOYKY MS(X3 ' Y3, 23)
X=X _ Y=Y _2-14
Xy =% Yo=Y 22_21.
B namewm ciydae nmonaydaem Cleayrole ypaBHEHUS MPSIMOI:

napajiensHo Bektopy M;M, umerot Bu:

x-1 y+2 z-4 x-1 y+2 z-4
0-1 -4-2 z,-z7 -1 -6 -1
-1 y-2 z-3 -1 2 71-4
Omeem: a)x Al : 0) X—2_Y+e_ 2

-1 -6 -1
3aoanue 1.7

[losyunTe ypaBHEHHE IUIOCKOCTH, IPOXOJAIIEH dYepe3  TOUKY A(4,2,3)

NEePHEHANKYISIPHO BEKTOPY BC, ccnu 3ajaHbl B(—4,0,1) un C (2,3,—3). [IpuBectu

MOJIYYEHHOE YpaBHEHHUE K OOIleMYy YPaBHEHHUIO TUIOCKOCTH U K YPaBHEHHUIO IUIOCKOCTH B
OTpe3Kax Ha OCX.

Pewenue
YpaBHEHHE TUIOCKOCTH, MPOXOASALIECH Yepe3 TOUKY AO(XO ' Yo ,Zo) IIEPIEHINKYIIAPHO

Bextopy BC1{a,b,c} nmeer Bux: a(x—x,)+b(y—y,)+c(z—2,)=0.
Haitnem kooparHaThl BEKTOpa BC:
BC ={2-(-4);3-0;-3-1}=1{6;3; - 4}.
3anumem ypasrenne: 6(Xx —4)+3(y — 2)— Az - 3) =0.

PackpbiB ckOOKM W TIpUBEAs MOJOOHBIC, MOJIYYUM ypaBHEHHE IUIOCKOCTH B OOIIEM
BHJIC:

AX+Bx+Cz+ D=0
6Xx—-24+3y-6-4z+12=0,

6x+3y—-4z-18=0.
J11st TOro, YTOOBI MOTYYUTh YPABHEHHE MNIOCKOCTH B OTPE3KE HA OCSX
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§+X+E:1’
a b c

nepeneceM "'—18" B mpaBylo 4acTh ypaBHEHUS, 3aTeM 00€ YaCTH YPaBHEHUS pa3esiuM
Ha "'18":

6x+3y—-4z=18,
6x 3y -4z_, x .y .z _,
18 18 18 3 6 9
2
X y z
(0) : 6X+3y—4z-18=0; —+=+—=1.
meem y 376" 8
2
3aoanue 2.1
Beruncnuts npenenst: a) lim 224 0) lim x4 B) lim 5X° +2x* +x+4
P e x2os7 T e x24+3x-107 T o XX +3x+1
Pewenue

a) CDYHKHI/IH, CTOAmass 1104 3HAKOM IIPpCACiaa, ABJIACTCA BHGMGHTapHOﬁ. Hpenenbﬂoe
3HaAYCHUEC Xy = 3 IMPUHAOJICKHUT €C obOmacTn OIIPpCACIICHU . HOBTOMy IIpcaci paBCH 3HAYCHUIO

(yHKUIHH B IPEJETbHON TOYKE:

Iimﬂ= f(3)=M=E=5

Xx—»3 /X2_5 9-5 2

0) Bnauwane yOenumcsi, 4YTO TIpeAed HENb3S BBIUUCIUTH HEMOCPEICTBEHHOMN
[IOJICTAHOBKOM MPEAEIBHOTO 3HAYCHHUS MEPEMEHHOM X, =2 B (YHKIHIO, CTOSIIYIO IO

3HakoM 1ipedena. llpu x—»2 3Ta QyHKIUS nOpeacTaBiseT coO0OM OTHOILIEHUE JIBYX

0
OCCKOHEUHO MaJIbIX BEJIIMYMH, WHAYE TOBOPS, MMEET MECTO HEOIPEACICHHOCTh THIIA 0
Yucnaurens apoOU MOXXKHO Pa3jIOKHTh HAa MHOXHUTEIH C IOMOIIBI (OpMYJIbl pa3HOCTH

KBaJpaToB: a’ —b® = (a—b)a+b); X2 —4=(x-2)x+2).
3HaMeHaTeNb ApOOM TMPEACTABIsIeT CO6OM KBAAPATHBIA TpexwieH ax” +bx+c,
KOTOPBIM, Kak W3BECTHO, pas3jlaraercsi Ha MHOXHUTENIH 1o ciexyooueil ¢dopmyre:
2
ax’ +bx+c=a-(x-x;)-(X—X,), rme X;,X, —KOPHH COOTBETCTBYIOIIETO KBAJPATHOTO

ypaBHeHus ax’ +bx+c=0.
Hcnonb3ys oty dhopmyny, monydaeM X2 +3x-10=(x—2)-(x+5). B Hamem ciydae:
a=1 x =2, Xx,=-5.
2 —_— —
X2 —4 _(QJ:"m (x—2)x+2) im X+2_4
X—2

Wrak, nomxyyaem: lim 5 =

w2 X2+3x—10 (x=2)x+5) xs2 X+5 7’
Kak BuauM, 1ocje COKpalleHus ApoOH Ha MHOXKHUTENb (X—2), cTpeMsIuiics K HyJIo,
HEOIIPEEIEHHOCTh UCYE3/Ia, B IIPEIe YAAI0Ch BEIYUCIIUTD, IOACTABMB BMECTO NIEPEMEHHOM

X ee mpenebHOE 3HaYCHHE Xy = 2.
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B) [Ipu x—>oo ¢yHKIuUA, cTosAmas MOJA 3HAKOM TNpeena, IMpeaAcTaBiseT coOoil
OTHOIIIEHHWE JBYyX OeckoHeuHO Oonbimux ¢yHkuuil. Haue rOBOps, HMEET MECTO
o0
HEOTpEAENEHHOCTh BUA — .
o0
Bricmras cTemeHp mepeMeHHON B yuciuTtene n=3. Beicmias creneHb MepeMeHHON B
3HaMeHarTelne Takxke paBHa 3. [loaToMy U uMcIuTENb, U 3HAMEHATENb Pa3/IeJIUM IIOYWIEHHO Ha

x*. 3areM, HCIOIB3YyS apU(PMETUYECKHE CBOMCTBA IMPEACIOB W MPOCTEHINUN mpeae

. C
lim= =0 (c=const), moay4nM OTBET.

X—>0 X

e+ S
lim 5X3+2X2+X+4:(fj—lim S et
o0

X0 x* +3x+1 Xoreo x> 3x 1
XK
5+ 2 + L + 4
i x x> x2 5+0+0+0
- 3.1  1+0+0
X° X
Omeem: a) 5; 0)4/7;B) 5.
3aoanue 2.2
JX+1-2 . X' +5
BeraucauTe npeaeiasl UppalHoHaNbHEIX pyHKIUi: 1) lim —————; 2) lim ———
et ppatt ynxn ) 3 X—3 )X% X2+ 2X+7
Pewenue
1) HemocpencTBeHHOM MOACTAHOBKON BMECTO X 3HadYeHUs X, =3 yOeKIaeMcs B TOM,
0

4TO UMCECT MCCTO HCOIIPCACICHHOCTDb B A 6 YMHOXHUM U YUCINTCJIb, U 3HAMCHATCJIb

IpoOu Ha BBIPAXKEHUE (\/x_+l+2), KOTOpPO€ SIBIIIETCSl «COMPSHKEHHBIM» K YHUCIUTEIIO
(\/x_+1—2) corjmacHo (opMylie pa3sHOCTH KBaapatoB. [locie 3TOro B yucauTENEe MCUE3HET
MPPALOHATBHOCT 1 BBICIUTCS MHOKNTENb, CTPEMAIIMIiCS K Hymr0. 3ateM yaactes (x—3)
COKpaTUTh JIp0oOb HA ATOT MHOKUTEIIb.

i \/x_+1—2=(0j_"m (xvi-2)xei+2) . (xeif -2

b I im =
-3 X=3 0 (x=3)Wx+1+2) o (x=3)[Vx+1+2)

. X+1-4 . X—3 . 1 1 1

=lim =lim = lim = =—,

o (x=3)Wx+1+2) =8 (x=3)Vx+1+2) xn JYx+1+2 B3+1+2 4
1
Omeem: —.
4

2) Tlpu X — 00 YKCIUTEIb ¥ 3HAMEHATEb €CTh 0ECKOHEUHO 00JIbIINe (PYHKIIUH, TO

0 o
—. BeIcmas creneHb nepeMeHHOW B
0

3HaMeHaTene paBHa 2. OmpenenuM BBICHIYIO CTEICHb MEPEMEHHON B YHCIIHTEIE:

CCThb HMMCCT MCCTO HCOIIPCACICHHOCTD

1 1
- 4.~ o
Jx* =(x*)?=x"? = x*. WtaK, BbICIIAs CTETEHb MEPEMEHHO B YHCIHTENE TAKKE PABHA

JIByM-
14



PaBILCJII/IM N YUCINTCIIb, U 3HAMCHATCIIb HAa x* . TTociie 3TOro CMOXKEM BBIYUCIUTH

Vx* +5 x*+5
[ 4 2 74
npeen: lim X—+5=(ooj=lim X _jm X -

2 2 2 7
xow X*+2X+T x>0 X7+Q+12 TR

X2 x* X X X

o0

X320 l+g+lz 1+0+0
X X
Omeem: 1.
3aoanue 2.3

X2 -sin3x-sin 7x

Boruucnuts npeaen TpuronoMerpudeckoit pyukiuu: lim

X0 t93X
Pewienue
[MoacraBum X, =0 B QyHKIHIO, CTOSIITYIO IO 3HAKOM IIPE/Iea.
0
YOexaaeMcsi B TOM, 4TO UMEET MECTO HEOIpeeIeHHOCTh BHJIa 0 J{nst pacKpbITUS

HEOIPEIENIEHHOCTH BOCIIONIL3YEMCS CIIELYIOIMMU SKBUBAICHTHOCTAMU pr X —> 0 sin3x
~3x; sin7x~7x; [tgx]*~x®. Torga momyuum

. x%-sin3x-sin7x (0 . x®-3X-7X X! .
lim 3 =~ |=lim ————= 21.-lim X~ 21lim x=21-0=0.
X550 tg°x 0 x50 X w0 X° x50
Omeem: (.
3aoanue 2.4
Haiitu mpou3BoAHYIO MEpBOTO MOPsiaKa GYHKIUU Y = Xe 5 In (x2 +1).
e

Pewenue
Hcnonb3ys npaBuia gudpepeHImpoBaHus | TAOJINITY TPOU3BOIHBIX, TOTYIHM:
14 !

y,:( s 2—In(x2+1)] :( £ 2) ~(in(¢ +1)) =

e+ e+

! / ’

() +2)-e*e*+2) (+1) e*e*+2)-e*-e"  2x

(ex+22 x*+1 (ex+2)2 x?+1
_eP42e" -  2x . 2" 2
= (ex+2)2 x2+l_(ex+2)2 il
, 2e” 2
ome 1= 22
3aoanue 2.5

15



Berauciauts yriaoBoi Kodp(UIIMEHT KacaTenbHOM K rpaduKy QYHKIMU B TOUKe M, (2;4)
y =x3(x-1).
Pewenue
Haiiném npousBoaHyto 3a1aHHON (HYHKITUU
y = [xz(x —1)2]’ = y'= (xz)’- (x 1) +x*- [(x —1)2]'
v = 2x(x —1P +x% - 2(x=1)-(x=1), ' =2x(x—1) +2x*-(x 1)
y'(x)=2x-(x=1)-(x =1+ x), y'(x)=2x(x—1)2x -1).
BbIunciuM mpou3BOIHYIO B TOUKE KACAHHS, TO €CTh IIPH Xy = 2
y'(x,)=y'(2)=2-2(2-1)-(2-2-1)=12.

DTO ¥ €CTh YIJIOBOU KOY(Q(HUIIMEHT KacaTeIbHO! B Touke M, (2;4), k=12.
Omeem: k=12.

3aoanue 2.6
BBIYKCIIUTE CKOPOCTh JIBUKEHHS MaTepUabHOM Toukn S(t)=(t+1)° depes Tpu cexyHbI
HoCJIe ero Hayaa.
Pewenue
Haiiném  ckopocTp  OBMJKEHHMS B NIPOU3BOJBHBIM ~ MOMEHT  BPEMEHH,
npoaudpepeHnpoBaB 3a1aHHYI0 PYHKIUIO
V() =5't)=[t+2F] =3 @+27 - (t+1) =3 A
Brrunciaum Tenepb ckopocTh Ipu ty =3:  V(3)=3-(3+1) =3-4°=3.16 =48,

Omeem: 48
3aoanue 2.7
Haiitu skcrpeMyms! GyHKmn Y = 2X° +63x* +120x +11.
Pewienue

1)  Haitnem o6nacts onpesnenenus pynkuun: D(y):xeR.
2)  Haiigem KpUTHYECKUE TOYKH:
y' =6x°+126x +120, 6x*+126x+120=0, Xx*+21x+20=0,
~ 20, x,=-1.
3) MHcenemyeM KPUTUYECKHME TOYKM C  IMOMOIIBIO  JOCTATOYHBIX  yCIOBHUM
SKCTPEMYMa, PE3YIILTATHI HCCIEN0BAHNI NPEICTABUM B BHJIE TAOJIHUIIBL:

X (—o0,—20) —20 (-20,-1) -1 (—14)
y' + 0 —~ 0 +
y " max ~, min _—

4)  BpruuciauM 3HaYeHUE PYHKINU B TOUKax X, =—-20 u X, =—1:
Yo (—20)=2-(= 20)’ +63- (- 20)* +120- (- 20)+11=16811,
Yo (-1)=2-(=1)° +63-(-1)* +120-(-1)+11=—48.

Omeem: vy (—20)=6811, Y, (-1)=-48.
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3aoanue 2.8
Boeraucnuts npenen pyHKIuu ¢ moMonisko npasuia Jlonurars.

. X2—7x+10
lim -
x5 X°—4x-=5
Pewenue
[ToacTaBisas B GyHKIMIO IO/ 3HAKOM TIpejieia 3HaueHUue X, =9, yOexaaeMcs B TOM,

YTO UMEET MECTO HEONPEAECIEHHOCTD 0 [Iprumenum nipasuito Jlonwrans onuH pas:

C x2-7x+10 (0, (x2-7x+10) . 2x-7 10-7 3 1
lim X=X 20 (2 ) lim ) = lim A
x>5 x“—=4x-5 \0 X_’S(x2—4x—5) x>52x—4 10-4 6 2
0 1
meem. — .
2

3aoanue 2.9

Haifty yacTHbIe MPOU3BOHBIC MIEPBOTO MOPsiIKa (DYHKIMN Z = (x2 + 3x)- cos5y +e” -sinx Mo
KaXJ 0N U3 HE3aBUCUMBIX ITEPEMEHHBIX.
Pewenue
3agaHHas GyHKIMS 3aBUCUT OT IBYX MEPEMEHHBIX, CJIEI0BATEIbHO, UMEET JIBE YACTHBIE
IIPOU3BOJHBIE IIEPBOTO MOPSIKA.

2, =(x? +3x), .cos5y +e” -(sinx) =(2x+3)cos5y +e” -cosx;
2, =(x? +3x)~(c055y)’ + (eyz) sinx = —5(x? +3x)sin5y + 2y -e”" -sinx.

Omeem: 7, =(2x+3)cos5y+e’ -cosx, z, =2y-e” -sinx—5(x* +3x)sin5y .
KOHCIIEKT JEKIIUIA

AHnanumuueckasn zeomempus, TUHelHAsA anzeopa, 6eKmopHa anzeopa

1. O0uee ypaBHeHMe NPAMOM JIUHUM HA MJIOCKOCTH

Bcesikoe ypaBaenue f (X, Y )=0, cBsi3pIBaroIee KOOPIUHATHI X U Y, HA3BIBACTCS YPAGHEHUEM
qunuu L Ha TuiockocTH, eciu: 1) KOOpAMHATHI KayKJ0W TOYKU JIMHUU L yTOBIETBOPSIIOT 3TOMY
YPaBHEHHUIO, 2) KOOPAMHATHI BCAKOW TOYKH, HE JIeXKallel Ha JUHUU L, HE yIoBIEeTBOPSIOT
TOMY YPaBHEHHUIO.

YpaBHeHUE NIEPBOU CTEIIEHU OTHOCUTENIBHO IIEPEMEHHBIX X U Y , T. €. YDaBHEHHE BUJA:

Ax+By+C=0

rae A B,C— neiicTBUTENbHBIE 4YHCla, mpudyeM A u B He oOpamarTcs B HOJb

oqHOBpeMeHHO (A’ +B? #0), onpeaenser Ha IIOCKOCTH MPAMYIO JTHHHIO. JTO ypaBHEHHE
Ha3bIBACTCS 0OWUM YPABHEHUEM NPAMOU HA NJIOCKOCHIU.
Ecnn 4 =0, 1.e. ypaBHEHHE HE COIEPKUT X, TO OHO MPEACTABIISIET MPSAMYIO, TAPAJUICIbHYIO

oc Ox: |BYy+C=0
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Ecin Bax @ £QpaBHCHNE HE COCPXKHUT Y, TO OHO IPEACTABIISCT IPSIMYIO, HAPAIICIBHYHO
ocu Oy:

Eciu C = 0, To ypaBHEeHHE ompenessieT NpsIMylo JIMHHUIO, TPOXOAIIyI0 Yepe3 Hayajo

KoopuHaT: | AX+By =0

2. YpaBHeHHe NPSIMO ¢ YIJIOBBIM K03()pULIHEHTOM
Beskyro npsiMyro Ha IIIOCKOCTH, HE MAPAIUICIIBHYIO OCH OPAMHAT, MOYKHO ITPEICTABUTD

ypaBHEHHEM BHza: | Y = KX+D

DT0 ypaBHEHUE HA3BIBAIOT YPAGHEHUEM NPAMOI C Y2N08bIM KO Duyuenmom.

Yucino k paBHO TaHreHcy yriia, oOpa30BaHHOrO TMPSMOM C TMOJOXKUTEIbHBIM
HarpaBlieHHeM ocu Ox (puc. 1), k=tge . DTO YHCIIO HA3BIBAIOT )2108bIM KOIDDuyueHmom
npsmoti. CBOOOHBIN YjieH ypaBHEHUS b paBeH OpAMHATE TOUYKH TIEPECEUCHUS TPSIMOU C OCHIO
Oy.

"
/

y=kx+b

v

/ 0 '

Puc. 1

[To abcomtoTHON BeMMUYMHE YUCIIO b paBHO IJIMHE OTpEe3Ka, OTCEKAEMOro MpsiMOM Ha
ocu opauHar. Ecinu b paBHO HyIr0, TO nIpsiMast JIMHKUS MPOXOJMT Yepe3 HAdall0 KOOPAMHAT.
Ecnu b > 0, To oTpe3ok oTcekaeTcst Hall 0chio abcuucce, eciim b < 0, To — Mo Hed.

3. Yroa mexay AByMsl NPSMBIMH HA IUIOCKOCTH. YCJIOBHUSI NMApPa/LIeJIbHOCTH W
NepHeHIMKYJJISIPHOCTH NPAMBIX
VYron Mexay AByMs IPSAMBIMU JIMHUSIMU HA TUIOCKOCTH (pUC. 2), 3aJaHHBIMU YPaBHEHUSMHU
C yriioBeIMU Koddurmentamu Y =K x+b, u y=k,x+b, , npencrasnsercs hopmymnoii:
— kz — kl
1+kk,

g

3ameuanue 1. DTa GpopmMyna onpeaenseT yroji, Ha KOTOPBIM HYKHO TMOBEPHYTH
MEPBYIO MPSMYIO TIPOTHUB YaCOBOM CTPEJIKK OKOJIO TOYKU MEPECCUEHUS TaHHBIX TPSIMBIX IS
TOTO, YTOOBI OHa COBMECTHJIACH CO BTOpOH. [10CKOIBKY TIpH HAXOXKICHUU yTiia JIO0YI0 U3
MPSIMBIX MOKHO CUUTATh TIEPBOM, a IPYTYIO — BTOPOH, TO MOT'YT MOJy4aThCsl Pa3HbIE 10 3HAKY
3HAYEHUS TaHTEHCA yria. B 3aBUCUMOCTH OT 3TOTO YTOJ 0L MOXKET OBITh JTHOO0 OCTPHIM YTJIOM,
100 YTIIOM BTOPOU YETBEPTH.
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Ipumep. BeaucauTh yroyl MeXIy NPSMBIMU: Y = 2X — 5,y = —3X +7,
Pewenue. YrnoBeie KoOdQPUIMEHTH TaHHBIX TpsMbIX: K 1= 2, K = —3. 1o ¢popmyne
HAXOLHM: tgar=— > 2 =1 o=45".
1+2(-3)
OTO 3HAUMUT, YTO MEepBas NpsAMas Yy = 2X — 5, IOBepHyTas OKOJIO TOUKHU MepeceUeHUs Ha
yroia o = 45°, COBMECTHUTCS C IPSAMOH Y = —3X +7.
Ecnu cautath npsimyto Y = —3X +7 niepBoid, a npsmyto Y = 2X — 5 BTopoii, To K
1= —3, k2= 2 u no dopmyiie noayyaem:
2+3
tga=—-—1-—"=
1+2(=3)
OTO0 3HAYUT, YTO MpsMas Yy = —3X +7, MOBEpHyTasi OKOJIO TOYKU MEPECEUCHUs TaHHBIX
IPSIMBIX TPOTUB YACOBOM CTPENKU Ha yroa a = 135°, coBMecTUTCs ¢ IpsiMoit y = 2X — 5.
TakuMm o0pa3zoM, 6 kauecmee omeema MONCHO yKazamo u yeon . = 45°, uyeon o= 135",
OTBeT 3aBUCHUT OT TOTO, KaKyIO U3 JAHHBIX MPSMBIX [TPU PEIICHUN PACCMATPUBAJIN B KAUeCTBE
IIEPBOM.
N3 dhopmysbl HAXO0KACHUS yriia MEXIy NMPSIMBIMU CIEIYIOT YCJIOBHS MapaJlIeIbHOCTH
Y IEPIEHAUKYIISIPHOCTH JIBYX MPSIMBIX Ha MIIOCKOCTH.
Ycnosue napannenvnocmu 08yx npsaMulX, 3A0AHHLIX YPAGHEHUAMU C Y2l08bIMU
Koo puyuenmamu.

-1, a=180"—45"=135".

k, =k, .

1
Yenosue nepnenouxkynsapuocmu: 1+kk, =0 mmm k, = T
1

3ameuanue 2. Ecmu x0T Obl OfHA W3 3aJIaHHBIX MPSAMBIX TMapayieabHa OCH

OpJIMHAT, TO yKazaHHas QopMmyia sl HAXOXICHUS Yrjia MEXAy JBYMs TPSMBIMU HE
MPUMEHNMA.

Ecnu nepBas mpsimas mapaiienbHa OCH OpauHaTr, T. €. K, =0, a BTOpas HET, TO

npuMeHsieTcs Gpopmya ga = T
2

Ecnu BTOpas mpsimasi mapajuiesibHa OCU OopJuHaT, T.e. K, =0, a mepBas HET, TO yroji

MEXTy HIMHU ompeniensieTcst popmymnoit |19 =1 -
1

Ecnu o0e npsimble mapasuiebHbl OCH OPJAMHAT, TO OHU MapaJiyIeNIbHbl U MEXKIY COOOM,
TaK YTO yTOJl MEKAY HUMHU PABEH HYJIIO.

3ameuanue 3. Ecnu mpsiMble, HE TMapaiebHbIE OCH OpJWHAT, 3aJaHbl OOIIMMU
ypaBHeHUAMH A1X+B1y+Ci= 0, Axx+Byy+Cy= 0, TOo yrom Mexay HAMH MOKHO HAWTH IO

AB, -AB,
= Qo =———"—
cienytomiei hopmyse AA, +B,B,

Yenosue napannenvhocmu 08yx npamoulx, 3a0aHHblX obwumu ypasHeHuamu. AriA; =
B::B,

Yenosue nepnenouxynsapunocmu: AiA+B1B,=0.
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4. YpaBHeHHUe NPAMOI B 0TPe3Kax Ha 0CAX
Ecii npsiMast IMHUSL OTCEKAeT Ha OCSAX HE paBHBIC HYIIO OTpe3ku a u b (puc. 3), To ee

X .
MO>KHO MPEJCTaBUTh YPABHECHUEM — + y? =1, KOTOpPO€ HAa3bIBACTCS ypaBHEeHUeM Npamoll 8
a

ompe3Kax Ha OCAX.

AY

Puc. 2

Yucna @, b MOryT ObITH KakK MOJIOKUTEILHBIMU, TaK U OTPUIIATeIbHBIMU. Eciiu, Hanpumep,
npsiMasi OTCEKAeT Ha OCcH abCITUCC OTPE30K, PACIIONIOKEHHBIH  cjeBa OT HyJs, To a < 0.

Ecin mpsiMast TUHUS TPOXOJUT dYepe3 Hadallo KOOPAHMHAT, TO €€ HENIb3S IPEICTaBUTh
ypaBHCHHEM B OTpPE3Kax Ha OCsX.

5. YIJaBHeHI/Ie HpSIMOﬁ, HpOXO)Iﬂmeﬁ qyepes ABe 3aJaHHbIC TOYKH

Ecmu HU3BCCTHO, 4YTO IpsAMas JIHHHUA IPOXOJUT YEPE3 ABC 3aJaHHBIC TOYKH Ml(Xl; yl) 51
X=X _ Y—VY,

X=X Yo=Y

M,(X,; ¥,), TO ee ypaBHEHHE HMeET BH:

6. YpaBHeHne npsiMOil, NpoxoAsimieil 4Yepe3 [MAaHHYK) TOYKY MapalieIbHO
(mepneHAUKYJISPHO) NaHHOM npsaMoii. Ilydok npsiMbIX
[Mpsimast, mpoxosmias 4epes 3aganay0 Touky M (Xo, Yo) mapauienbHO 3a1aHHON TIPSIMOi
y= Kk X+Db, npencraBnsercs ypaBaeHuem: Y - Yo = K-(X-Xo).
[psimasi, mpoxozsimias 4yepe3 3aaaHHyt0 Touky M (Xo, Yo) MEpIECHAMKYISPHO JaHHOM

npsiMoit Y= kx+b, 3amaeTcs ypaBHeHHEeM: Y - Yo = - %(X - Xo0).

3ameuanue. Ypauenue Y - Yo = K(X - Xo), rme M (Xo, Yo) - 3amaHHas Touka, a k < oo -
NpOU3BOJILHOE (HE (DUKCHPOBAHHOE) YHCIIO, ONPEACISET MHOXECTBO BCEX TPSMBIX
IUIOCKOCTH, MPOXOIAIuX 4epe3 Touky M (Xo, Yo) (Kpome To#, KoTOpas mapajielibHa OCH
opauHaTt). Takoe MHOXKECTBO MPSIMBIX HA3BIBAIOT nyukom npsmuix. Yucno K Ha3pIBaloT mpu
ITOM napamempom nyyka, a Toaxy M (Xo, Yo)-yenmpom nyuxa. [lpu kaxmom GUKCUPOBAHHOM
3HA4YCHUU TapameTpa K 3ajaercst oJJHa U3 MPsIMBIX JIMHUH ITy4Ka.
Hanpumep, ypaBaenue Yy + 5= K (X - 3) onpeensiet Ha MIOCKOCTH My4YOK C IICHTPOM
B Touke M (-5; 3). [Ipu kK =7 mosryuyum ofHy NpsIMYO JIMHUIO U3 3TOTO Iyuka: Y + 5=7(X - 3),
uim: 'y = 7x - 26.

7. OnpeneauTeJi BTOPOro mNopsiaka
Onpeodenumenem 6mopoco HNOpsOKA HA3bIBAETCS YHUCIO A, 3alUCaHHOE B BHJE
KBaJPaTHOM TaOJIUIIBI YUCETI, COCTOSIICH U3 ABYX CTPOK U JIBYX CTOJIOIIOB:
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a11 alZ
a'21 a‘22

Benuuunsl a,,,a,,,3,,,8,, Ha3bIBAIOTCS IIPU 3TOM d1emeHmamu onpeoenumers. Kaxapii
JIEMEHT &;, i, j=12, uMeeT ABOMHOW MHJEKC, NIEPBbIM U3 HUX YKa3bIBa€T HOMEP CTPOKH, B
KOTOPOU HaXOJIUTCSI JIEMEHT, BTOPOU - HOMEp CTOJIOIIA.

Brraucnsiercs onpenenutens BTOPOro MOpsAKa Mo CISAYyIomIe Gpopmyiie:

4, &,
a21 a22

A= =785, 3, ay .

8. OmpenenauTesu TPeThero NOPsAaAKa
Onpedenumenem mpemve2o NOpPsaOKa HA3BIBACTCS YHUCIO A, 3allMCAHHOEC B BHJIC
KBaﬂpaTHOﬁ Ta6HI/IHI>I YUCeCII, COCTOSIHIeﬁ N3 TPCX CTPOK U TPECX CTOH6HOB:
&1 8, A
A=y 8, a5
a3 83 g
CymiecTByeT HECKOJIBKO CIOCOOOB BBIYMCICHUS OMPEACIIUTENCH TPEThEro MOpsaKa.
OHpCI[eJ'II/ITCJ'IB TPCTBCTO IOPsAJaKa, B HaCTHOCTH, MOKHO BBIYMCIINTL N0 npaeuy Capp}oca.
I[J'IH 9TOTO0 K CTOH6HaM OIIPCACIIUTCIIA IMPUIIMCBIBAIOT CIIpaBa IICPBBIC €T0 ABA CTOH6Ha nu
BBIYUCIAIOT ICCTh ClIara€MhbIX I10 CH@I[YIOH.[@IZ CXEMCE.

all a12 a13 % alZ
a,y azz)<323 azz/
% a3;><a33 )Q/Qasz\
«=» «=» «=» «H» K«

Crpeniku yka3bIBalOT HAa TO, KAKUE AJIEMEHTHI MIEPEMHOKAKOTCA, 3HAKUA TTOKA3bIBAIOT, C
KaKUM 3HaKOM OepyTcsi ATH TPOU3BEJCHUS: C TEM, KOTOPbIH OHM HMEIOT WU C
IIPOTUBOIOJIOKHBIM. [lomydaercs cnenyroliee paBeHCTBO

A:au'azz'a33+aiz'a23'a31+a13'azl'a32_
_(asl‘azz'a13+a32'a23'a11+aaa'a21'a12)-

1 -2
Ilpumep. Bpaucaurts onpenenuresb A=| 3 1 2.
-1 4

Bnauane cocraBum CXCMY BLIYHUCIICHMA. I[J'IS{ 9TOT0 JOIMIIEM K 3JJIEMCHTaM
OIIPCACIINTCIIA CIIpaBa ABa IICPBBIX CTOJ'I6I_[a.
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1 -2

NOW XS 4
AN

= L)y «=) «t» (T «»
[Toyunm ‘/‘/ / \\‘\A

A=1-1-1+(-2)-2-(-1)+1-3-4—((-1)-1-1+4-2-1+1-3-(-2))=
=1+4+12—(-1+8-6)=17-(1)=17-1=16.

OHpe,Z[eJII/ITeJ'H/I TPECTHCTO MMOPAAKA MOKHO CBECTH K BBIYHCIICHUIO TPCX OHpeI[CJII/ITeJIeﬁ
BTOPOI'0 IIOpsAOKa Men’ZOOOM PA3N02HCEHUA NO IJleMEeHmMam K‘ClKOlZ-Jlu60 €20 CmpoKu uau
cmonoua.

B YaCTHOCTH, PA3JI0KCHHUC 110 JJICMCHTAM nepBoﬁ CTPOKH 6y,Z[€T HUMECTH BU.

a; a,
ay, 8y a,; dy ay; Ay
A=lay 8y 8y =a;- —a;- +a;- .
A, Qg A3, Qg a;; a4y
A3, 83 Qg

Pa3noxeHne 1o aneMeHTaM, Halpumep, BTOPOro cTosi0na OyAeT TaKuM:

A, 3, S
dy; Ay a, a3 d;; d,
A=a, ay Ay = Q- +a,,- —ag,- .
a3, Ag a3, QAg Ay, Ay
Q3 a3 g

AHanoOrnyHO MPOU3BOIAUTCS PA3JI0KEHHUE IO JIEMEHTAM JPYIMX CTPOK U CTOJIOLOB.
[Ipu 3TOM wuCHoONB3yeTCs Ccleayromas IIaXMaTHas CXeMa pPACCTAHOBKM 3HAKOB IEpe.
claraeMbIMU

Onpenenurenn BTOPOrO MOPAJKA, YKA3aHHbIE B Pa3JIOKEHHSIX, MOIYYarOTCs
BBIYEPKUBAHUEM TE€X CTPOKU W CTOJIONA, B KOTOPBIX HAXOAUTCS CTOSIIMKM TIEpell HUMHU B
Ka4eCTBE MHOXUTEIIA DJIEMEHT &;; .

Ilpumep. BBIUUCIUTD ONIPEACINUTEND PA3JIOKEHUEM 110 TPETHEN CTPOKE.

1 -2
~2 11 1 -2
A=|3 1 2=(-1) —4. +1. =
L 4 12 32 13

=(-1)-((-2)-2-1-1)-4-1-2-3-1)+1-(1-1-(-2)-3) =
=—(-5)-4-(-1)+1.7=5+4+7=16.

IIpu pa3noxxeHuu 1o TpeTber CTPOKE YWIM PACCTAHOBKY 3HAKOB I10 YKAa3aHHOW BBIILIE
cxeme. st TpeTber CTPOKHM 3HAKU YEPEAYIOTCA TAK: «1», «—», «+».

Onpenenureny BTOPOro MOPSAKA MOJy4Yaad, MBICIEHHO BBIYEPKUBAs U3 3aJaHHOTO
OTIpEICNUTENIA T€ CTPOKY U CTOJIOEI, B KOTOPBIX HAXOAMUTCS 3JEMEHT, KOTOPBIA CIYXKUT
MHOKUTEJIEM.
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3ameuanue 1. AHaMOTUYHO BBOJSTCS TMOHATUS ONpEAeNuTeNeid U 0oJjiee BBICOKUX
MOPSKOB: YETBEPTOTO, IATOTO U T. 1. Takue onpeaenuTeny BHIYUCIAIOTCA TOIbKO METOAOM
Pa3JI0XKEHUS 10 AJIEMEHTaM KaKOH-In00 CTPOKU WM CTOJIOIA.

9. CaoiicTBa onpeaeanTeei

Ceoticmeo 1. Ilpu nepectaHOBKe ABYX CTPOK (CTOJOILIOB) 3HAK OMPEASIUTENSI N3MEHUTCS
Ha TIPOTUBOIOIOKHBIMN.

Ceoticmeo 2. O0OUUN MHOKUTEIb 3JIEMEHTOB KaKON-IMO0 CTPOKHU (UJTU CTOJ011a) MOYKHO
BBIHECTH 32 3HAK OTNPECITUTEIIS.

Ceoticmeo 3. IIpy yMHOKEHUM OINPEACIIUTENS Ha YHUCIO HA 3TO YUCIIO YMHOXAIOTCS BCE
AJIEMEHTHI JIUIITh OJTHOM KaKOW-THOO0 €ro CTpoKH (cTonodiia).

Ceoticmeo 4. OnipeaenuTens, CoIep Kalliid HyJIEBYIO CTPOKY (CTOJIOEIT), paBEeH HYIIIO.

Ceouicmeo 5. Onpenenureiib, CoAepKalluil paBHbIe (MM MPONOPLIUOHAIIBHBIE) CTPOKHU
(cTonO1IbI), paBEH HYIIIO.

Csoticmeo 6. Ecnu KaxabIi 2JIEeMEHT KaKOW-TO CTPOKH (CTOJIOIA) €CTh CyMMa ABYX
ClIaraeMbIX, TO OMPEACITUTENb PAaBEH CyMME JIBYX ONPEICITUTENICH: B OJTHOM B 3TOH CTPOKE
(cToniO1I€) BMECTO CYMMBI CTOUT TOJIBKO MEPBOE cllaraeMoe, B JPYroM - TOJIbKO BTopoe. Bee
OCTaJbHBIE AJIEMEHTHI 000MX OMpeeUTENeH TaKue Ke, KaK U B 3aIaHHOM OIPE/ICIUTEIE.

Cesoticmeo 7. Onpenenurenab HE U3MEHUTCS, €CIM €r0 CTPOKM 3aMEHHUTh CTOJOLaMH, a
CTOJNIOIBI  —  COOTBETCTBYIOIIMMH  CTpoKaMu.  Takas  omepanus  Ha3bIBaeTCs
MPAHCNOHUPOBAHUEM OTIPEICITUTEIIA.

Ceoticmeo 8. Omnpenenutenb HE WU3MEHHUTCS, €CIM K DJIEMEHTaM KaKOW-TMOO CTPOKHU
(cTonb11a) mpubaBUTH COOTBETCTBYIOIIUE JIEMEHTHI APYTON CTPOKH (CTOJIOIA), yMHOKEHHbIE
Ha OJIHO M TO € YUCTIO.

10. BekTop u ero nimua. KosuinHeapHbie BeKTOpbI. PaBeHCTBO BeKTOPOB

CymectByeT Ba BUAA BEIUYMH: CKAIAPHBIC U BEKTOpHbIC. CKAIAPHOU GENUYUHOU WU
CKaApoM Ha3bIBAETCS BEJIMYMHA, HE OOJajarouiasl HallpaBlICHUEM. BekmopHou 6enuduHoll
WM 6ekmopom (B IIHPOKOM CMBICIIE) HAa3bIBA€TCA BCsKas BeIMYMHA, OOJafaromnias
HaIlpaBJICHUEM.

Hampumep, Macca Tena ecTh BEIWYMHA CKAJSIPHAs, TaK KaK HE CBSI3aHA HU C KaKUM
HarnpaBiaeHueM. Cuia, JAeicCTByrolass Ha MaTepUalbHOE TeNlo, MPEACTaBIsIET COOOMU
BEKTOPHYIO BETMYMHY, TOCKOJIbKY 00J1a/1aeT HaIlpaBJICHUEM.

B aHanmuTHYeCKOM TreOMETpUM 6eKmOopoM HA3bIBAETCS HAIPABICHHBIA OTPE30K C
HA4YaJoM B TOYKE A U KOHIIOM B TOuke B (puc.4).

B
a

A
Puc.4

- -
O0603Ha4aOT BEKTOP OJIHUM U3 CJIEAYIOIIMX croco0oB: AB, AB, a, d. PaccrosiHue
MEXIy Toukamu A, B (miuHa oTpe3ka AB) HasbIBaeTCS OauHOl WA MOOyleMm BEKTOpa,

o6o3Havaercs |AB| mim [a]. Moyb BekTOpa — CKalsipHask BElMYHHa.
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BekTop, mnmHa KOTOpOro (paccTOsSHUE MEXIy TOYkaMu A, B) paBHa HYIIIO,
Ha3bIBAETCS HY/le6biM. Y HYJIEBOIO BEKTOPAa HAYajO COBIAJAET C €ro KOHIIOM, T.€. HYJEBOU
BEKTOP MPEACTaBIsET COOON Mapy COBMAJAIONINX TOUYEK.

BexkTtopsl, nexaniue Ha mapajiaeabHbIX NPSMbIX (MJIA HA OJTHOW U TOU %e), HA3bIBAIOTCS
KOMIUHeapHblMu WU napanieibHvimu. KolnmmHeapHble BEKTOPbI, UMEIOIIME OJTHO U TO K€
HalpaBJICHUE, Ha3bIBAIOTCA COHANpasieHHbiMu. [IpomueononodcHo  HanpasieHHvIMU
Ha3bIBAIOTCS KOJUTMHEAPHBIE BEKTOPHI, HAMPABIICHHBIE B IPOTUBOIOJIOKHBIE CTOPOHBI.

JIBa (HEHYJIEBBIX) BEKTOpPA CUMTAIOTCS PAGHbIMU, €CIU OHU COHANPABJICHBI U UMEIOT
paBHbIE IMHBI. Bce HyseBble BEKTOPBI CUUTAIOTCSA PABHBIMHU.

3ameuanue. PaBHbIE BEKTOPHl MOMXHO COBMECTHTH C TMOMOUIBIO MMAPaLIETLHOTO
nepeHoca.

JIBa TNPOTUBOIOJOKHO HAMPABJICHHBIE BEKTOpPA, HUMEIOIIME paBHbIE JJIMHBI,
HA3BIBAIOTCS NPOMUEONnoNodcHbiMu. VX 0003Ha4aroT Tak: a u -a .

11.CnoxeHnue BeKTOPOB

Pe3yIbTaToM CIIOKEHHs BEKTOPOB @ U b SBIAETCS TPETHI BEKTOP C - CyMMa BEKTOPOB
a+b. BekTop-cyMMy MOKHO IIOCTPOMTH Tak: BHAYalle MOCTPOUTH BEKTOP @ , PACIIOIOKUB
ero Ha4aJio B MPOM3BOJIBHON TOUKE. 3aT€M MOCTPOUTH BEKTOP b , CYUTAS €ro HaYaaIoM KOHEI
MIEPBOT0 CIAraeéMoro, BEKTopa a . BeKTop, HayaJlo KOTOPOIo COBIAJIaeT C HA4YaJIOM BEKTOpa
a , a KOHEI-C KOHIIOM BeKTopa b, ecth BeKTop a+b (puc. 5,a). Takoe mpaBmiio OCTPOEHUS
CYMMBI JIBYX HEHYJIEBBIX BEKTOPOB HA3bIBACTCS NPAGUTOM MPEY2OTbHUKA.

CrnoxeHrie BEKTOPOB MOKHO PacIpOCTPaHUTh Ha J1000€ Yrcio BEeKTOpoB. [IepBblil BEKTOp
CTPOUTCS U3 IPOU3BOJIBLHON TOUKH, U3 €T0 KOHIIA CTPOUTCSI BTOPOU BEKTOP, U3 KOHI[A BTOPOTO
BEKTOpa — TpeTHW W T.A. BEKTop, Ha4ajo KOTOPOro COBHAJNAET C HAYajJoM IMIEPBOrO
CJIaraeMoro, a KOHEIl — C KOHIIOM IIOCJIEIHEr0, €CThb BEKTOp - CyMMa. [akoe MNpaBUIiIO
MOCTPOEHUsI CyMMbI 0ojiee 4YeM JIByX HEHYJEBBIX BEKTOPOB HA3bIBAIOT HPABUIOM
MHO20V20IbHUKA (NPABUIOM 3AMKHYMOU JA0MaHou) Wi npasuiom yenu. Cymma Tpex
BEKTOPOB M300pakeHa Ha puc. 5,0).

b
b

a+b a

a+b+c
a) Puc.5 0)

CyMMy JIBYX HEHYJEBBIX M HEKOJUIMHEAPHBIX BEKTOPOB @ W b , Hayajga KOTOPBIX
COBMEIIIEHBI, U300paKAIOT BEKTOPOM C TEM JK€ HAYaJOM U COBMAJAIONIUM C THATOHAJBIO
napajiesiorpaMMa, CTOPOHaMH KOTOPOTO SIBJISIOTCS BEKTOpbl @ | b . Takoe moctpoenwme
BEKTOPA-CYMMBI HA3bIBAIOT Mpaguiom napaiieiocpamma. K KoJUIMHEapHBIM BEKTOpaM
MIPABUJIO MapajvieiorpaMMa He MPUMEHUMO.

CyMMa BEKTOpPOB 00JIaaeT CIAeAYIOUMMHI CBOWCTBAMHU:

Csoucmeo 1. Cymma IpOTUBOMOJIOKHBIX BEKTOPOB PaBHA HYJIEBOMY BEKTODY.

Cesoticmeo 2. OT NepeCTAaHOBKH CJIAra€MbIX CyMMa BEKTOPOB HE MEHSIETCH.

12.BblunTaHuE BEKTOPOB
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Brruntanue BEKTOpOB onpezenseTcs: Kak JeHCTBUE, 00paTHOE CIOXKEHHIO.
PasHOCTBIO BEKTOPOB @ M h HasbIBaeTCS TPETHil BEKTOp a—b TakoM, 4To cymMMma
BEKTOPOB b ¥ a—b OyjeT paBHA BEKTOPY 4 .
Pa3sHOCTh BEKTOPOB @ M b CTPOMTCS Tak: W3 MPOM3BOJIBLHOIO Hadyaja CTPOST
BEKTOPHI @ | b . BekTop, Hauamo KOTOPOro COBIMAAAET ¢ KOHIIOM BEKTOpa b (BBIYMTAEMOTO),

a KOHEI| — C KOHIIOM BEKTOpa a (YMEHBIIAEMOT0), €CTh PA3HOCTh BEKTOPOB a M b (puc. 6).
c=a-b

a

Puc. 6
13. YMHOKeHUe BeKTOpa HA YK CJI0
YMHOXHUTh BEKTOpa Ha YHCIO A O3HAYaeT, YTO HYKHO IMOCTPOUTH HOBBIM BEKTOp Ad ,
MapauieIbHBIA @ U YIOBICTBOPSIONINN YCIOBHUSIM:

1) BeKTOpHl @ M Ad COHAIpPAaBJICHBI IPU A > (0 ¥ IPOTUBOITOIOKHO HAIIPABJICHBI TIPH A <
0;

2) mIMHA BEKTOpa Aa paBHA MPOU3BEICHUIO JUIMHBI BEKTOpAa & Ha MOAYJIb uncia A (puc.
7).

Puc. 7
Omepaltiiss YMHOKEHHSI BEKTOpa Ha YHCIIO 00JaZaeT TEMH K€ CBONCTBAMH, YTO W

YMHOXCHHUC YUCCII.

3ameuyanue. Ecii BEKTOp a HEHYJEBOM, TO BCAKHWM BEKTOP b, KOJUIMHEApHBIM @ ,
MOYKHO TIPEACTaBUTh B BUJIC A A .

14. Pa3noxenue BekTopa no 6azucy. KoopauHarsl BekTopa
CBoOoaHbIl BEeKTOp a (T. €. TakoW BEKTOp, KOTOpPbIA 0€3 U3MEHEHHs [JIMHBI U
HaIpaBJICHUS MOXET OBITh NEPEHECEH B JIFOOYI0 TOYKY IPOCTPAHCTBA) B MPOCTPAHCTBE C
JIEKapTOBOM cUCTEMOM KoopArHAT OXyz MOKET OBITh €IMHCTBEHHBIM CIIOCOOOM MPEICTABIICH

B Buje:|@=2a-1+a,-J+a,-Kirne |, j, k —06asucHsle BekTOpHl (OpTHI ocei Ox Oy,0z, T. e.

CAVMHUYHBIC BEKTOPBI, HAIIPABJICHUE KOTOPBIX COBMANACT C TOJOKHUTEILHBIM HalpPaBICHHEM
COOTBETCTBYIOIIMX OCEH).
Takoe npencTaBiIeHUE BEKTOpPa @ HA3BbIBACTCA pazilodiceHuem no oaszucy i, j, k. Hucna

a,, a,, d, Ha3bpIBAIOTCA Koop()uHamaMu eekmopa a B 3TOM 6331/106, OHM paBHBI IMPOCKIUAM
BEKTOpa a Ha COOTBETCTBYIOIIMEC OCH.
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B xoopnunaTHOM (hopMe BEKTOp @& MOXKHO 3aIlUcaTh TakK: a = {ax; a,; a, }

15.KoopauHATBI BEKTOPA Yepe3 KOOPAHHATHI €ro HAYajaa u KOHIA
KoopauHatel BekTOpa AB 10 KOOpAMHATaM ero Hadama A(X,;y,;Z,) U KOHIA
B(Xg; Yg i Zg ) HAXOAATCA CIEIYIOIIMM 0OPa3OM:
AB = {(XB - XA); (yB - yA); (ZB - ZA)} .
Muave roBopst, s HaXOXkKIEHHUs KOOPMHAT BEKTOPA HEOOXOUMO U3 KOOPIMHAT KOHIIA
BBIYECTH COOTBETCTBYIONIME KOOPAUHATHI HAyaIa.

16.lnimna BekTopa. Paccrosinue Me:kay AByMs TOUYKAMU
JUlMHA BeKTOpa, 3aJAHHOTO CBOMMM KOODIMHATAMH 4 =1a,;a,;d,|, ONpeIenseTcs

opmynoit :  [a|=.af +a] +a; .
3ameuanue. PaccTossHuE MEXTy IBYyMs TOUKaMu pocTpaHcTBa A(Xa; Ya; Za), B (Xs;

Ye,; Z8) BBIUMCIIACTCS KaK JJTMHA BEKTOPA, UMEIOIIET0 HaYalio B OJTHOW U3 3TUX TOYEK, 3 KOHEI]
— B Ipyrou:

‘E‘ =\/(XB — X))+ (Ve =Y + (25 —2,)% .

17./leiicTBUsI HaJ BeKTOpaMH, 3aJaHHLIMH B KOOpPAUHATHON ¢opme. YciioBue
NapaJyieJIbHOCTH (KOJIJIMHEAPHOCTH) BEKTOPOB

JIuHeliHbIE OMEpAlNU: CIIOXKEHUE, BBIYMTAHUE M YMHOXEHHUE HA YHCIIO HaJ BEKTOpaMmH,

3aIaHHBIMU CBOMMHU KOOPAWHATAMU, BBIIOJIHSIOTCS MIOKOOPAUHATHO, T. €. €CJIM BEKTOPHI a ,

b 3amaHbl KOOpAMHATAMH ﬁz{ax;ay;az}, Bz{bx;by;bz}, A — 4YHUCIO, TO CHPaBEJIUBHI

(bopMyIbL:
a+b = {(ax +bx); (ay +by); (az +b2)}

5_5 = {(ax _bx); (ay _by); (az _bz)}
Ja=1a,; Ja,; Aa, .
szoeue napaiilielbhocmu 6€Kmopos. ECJ'II/I HCHyJ'ICBBIC BCKTOpBI a= {ax; ay; a, },

b= {bx; b, ; bz} IapaulelbHbl (KOJUIMHEAPHBI), TO BHINOJHAETCS COOTHOLIEHHE: A =Ab , a s

MX KOOPAMHAT CHPABE/UIMBbBI PABCHCTBA: |-~ 1"~

18.Ckansipnoe mpousBeJleHHe ABYX BeKTOPOB. Du3nuecKHil CMBIC] CKAJAPHOIO
NPOU3BeEACHUS
Ckansapuvim npoussedenuem JIByX BEKTOPOB a M b Ha3bIBaeTCs 4YHCIO, PABHOE

NPOM3BEJEHHIO JUTHH 3THX BEKTOPoB [a], [b| Ha kocumyc yria (é 5) MEXKITY HEMH.

O603HaualoT a-b um (a, 5). (f?, 5)=|§|-‘5‘ COS(f?AEj

3ameuanue. CKalsipHOE TPOU3BEICHUE HEIb3sl PACHPOCTPAHUThL Ha Cily4dal Tpex
COMHOXXUTEJIEN.

Qusuueckuil cMbIC CKAIAPHO20 npouszeederus. Ecam BeKTOp a TpencTaBisieT coOoi

CUJIy, JCHCTBYIOIIYIO Ha MaTepUaIbHYIO TOUKY, BEKTOp b — CMelleHHe 3TOM TOUKH B
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pe3ynbTaTe BO3IEUCTBUS CUJIbI @ , TO CKAJIIPHOE MPOU3BEJICHUE A -b YMCIEHHO paBHO paboTe
CUJIBI 3 .

19.CBoiicTBa CKAJAPHOT0 MPOU3BEIEHUS

Cesoticmeo 1 (nepemecmumenvHoe c80lUCMB0): (ﬁ, 5)=(5, a).

Csoticmeo 2 (ckanspuuiii keadpam): (3,a)=[al’.

Ceouicmeo 3 (yciosue pageeHcmea HYIO CKAIAPHO20 NPOUIBEOEHUS HEH)eGbIX
gexmopog): ecu a=0, b =0, 10 (a : 5)= 0 TorJa U TOJIBKO TOr/a, Koraa a 1b .

Ceouicmeo 4 (couemamenbHoe CE0UCHMEO OMHOCUMENLHO CKANAPHO20 MHOICUMENS):
(22,b)=(a, 4b)=1-(a,b).

Csoticmeo 5. (pacnpedenumensioe ceoiicmeo): (a,b +¢)= (é, b)+(a c).

20.BprynciieHne CKaJasAPHOI0 MPOM3BEiCHUs Yepe3 KOOPANHATBI COMHOKHUTeJIei
ECIH BEKTOPbI-COMHOXHMTEIH 3aaHbl B KOODIAMHATHON (opMme 4a=1a,; a,; a, |,

b= {bx; b, ; b, }, TO UX CKAJIIPHOE MPOU3BEACHHE BBIYUCISETCS 10 popmyIie:

(a, 5)=ax~bx+ay-by+az~bz

21.¥Yron Mexay BeKTOpaMH. YCJOBHE NEePHNEHIMKYJISPHOCTH (OPTOrOHAJLHOCTH)
BEKTOpPOB
N3 onpeneneHusi CKalIspHOrO NPOU3BEACHUS cleAyeT (opmyna JUisl BBIYUCICHHS
= _lab
KOCHHYCa YIJIa MKy IByMsI BEKTOPAMHU cos(a bj: |(_| H
al-

C yderoM npaBui BBIYMCIICHMS JUIMHBI BEKTOpAa M CKAaJSPHOIO IPOU3BEICHUS B

KOOpPJIMHATHOM (hopMe, eciu a = {ax; a,; az}, b= {bx; b,; b, }, MoJy4acM:

cos(gABJZ IR AL AL .
2 2 2 2 2 2
\/ax +a, +a, -\/bX +b; +b;

Ycnosue nepnenouxynapuocmu (opmozonanibHocmu) 6ekmoposd. JIBa HEHYIEBbBIX
BEKTOpa MEPHEHAUKYISIPHBI (OPTOrOHAJIBHBI) TOT/IA M TOJBKO TOT/A, KOTJA BBITIOJIHSETCS

cremyomiee ycinosue:|& P +a, -b, +a,-b, =0

22. BekTOpHOE NMPoON3Be/leHUE IBYX BEKTOPOB

Bexmopnvim npouzeedenuem BEKTOpa a Ha BEKTOP b HasbIBaeTcs BEKTOp C,
YAOBIIETBOPSIONININ CIEIYIONUM TPEM YCIOBHUSIM:

1. Jlnuua BekTopa C paBHA IUIOIMIAAM TMapajuiejorpaMma, CTOPOHAMHU KOTOPOTO
CIIY’KaT BEKTOPBI-COMHOKUTENN & M b :

c :|§|-‘5‘sin(§A5)

2. Bekrop C mepreHauKyIspeH BeKTopam a u b .
3. Tpoiika BekTOpoB a,b ,C MOCje MPUBEACHUS K 00IIEMy Hayaly OpUEHTHUpOBaHa
TaK e, Kak TpOoiiKa 0a3uCHBIX BEKTOPOB i, j, k (mmpaBas Tpoiika) (puc. 8).
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Tpoiika HeHyJIEBBIX U HE MAapaUICIbHBIX BEKTOPOB a ,b ,CT, B3ATHIX B yKa3aHHOM

MOPSJIKE, HA3BIBACTCS NPABOU, ECII KPATUAUIIIMI IIOBOPOT OT IEPBOTO BEKTOPA & KO BTOPOMY
b C NPOTHUB YaCOBOU CTPEJKHU.

BEKTOpY b BHIeH HaOIOaTEN0 U3 KOHLA TPEThEro BEKTOpa
Ecnm ke Takol MOBOPOT COBEPIIAETCS IO YaCOBOU CTPEIIKE, TO TPOWKA HA3BIBACTCS JI€GOU.

A

2]l

Puc

O603HaYaI0T BEKTOPHOE TIPOU3BEICHHUE TaK: axh wim [a, 5].
3ameuanue. BeKTOpHOE NPOU3BEICHHE LIUPOKO MPUMEHSAETCA B (PU3UKE U

MECXaHHKCE. Haan/IMep, 4cpe3 BCKTOPHOC IIPOMU3BCACHUC BbIYUCIIACTCA MOMCHT CHIIBI,

MIPUIIOKEHHON K MAaTepUAIIbHON TOYKE.

23. CBoiicTBa BEKTOPHOT'0 NPOU3BeIeHUS.
Cesoticmeo 1. 1lpu nepecTaHOBKE COMHOKUTEIIEH MECTAMHU BEKTOPHOE IPOU3BEICHNE

MEHSIET 3HAK, TO €CTh, BEKTOPHOE IIPOU3BEICHUE HE 00J1aJ]aeT IePEMECTUTENIbHBIM CBOICTBOM
axb=-bxa.
Ceoticmeo 2. BekTopHOE ITPOU3BEIEHNE BEKTOpa Ha ce0sl paBHO HYJIEBOMY BEKTOPY.
Csoucmeo 3. Eciii BEKTOPHOE POU3BEICHUE HEHYJIEBBIX BEKTOPOB PABHO HYJIEBOMY

BEKTOPY, TO BEKTOPBI — COMHOKUTENH NapPaLIEIbHEI
a=0, b-0unaxb=0,— EHB.

Ceoticmeo 4 (couemamenvhoe C80UCMB0):
(ﬂﬁ)xﬁzﬁx(lﬁ)zﬂ-(ﬁxﬁ).
Ceoticmeo 5 (pacnpedenumenvroe c80UCMBO):
ﬁx(5+a)=§x5+§xa.

24. BoipakeHue BEKTOPHOT0 NMPOU3Be/IeHNsl Yepe3 KOOPAUHATHI COMHOKUTeIeil
Ecmu a= {ax, a,; az}, b= {bx; b, ; b, }, TO BEKTOPHOE MIPOM3BEACHUE @ U b HaxomuTcs 1o

dhopmyie:
i ] k
axb=la, a, a,
b, b, b,
PasnmoxxeHneM ompeAenuTeNns 1O TEPBOM  CTPOKE TOMy4aeTcsl — CleAyrolee
MIPEICTABIICHUE BEKTOPHOTO MTPOU3BEICHUS:
- - _la, a,| .la, a/| -l|a a
axb=i-| * Fl-j | 0 vk 57
b, bz‘ b, b, b, b,
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25. Ilnomans mapajuiejorpaMMa 4Yepe3 BeKTOpHoe mpousBeaeHue. Ilimomaab
TPeyroJbHHUKA

I'eomempuueckuii cmvici 8eKmopHo20 npouszeedeHus. Monylb BEKTOPHOTO

MPOMU3BEACHUS JBYX BEKTOPOB YHCICHHO PAaBEH ILIOMIAJM MapajuieliorpaMma, CTOPOHAMHU

KOTOPOTO CITy’XaT BEKTOPBI — COMHOKUTEIH S, =‘ AB x AC ‘ :

Kaxk cnenctBue u3 s3toit hopmysbl noiydaercs ¢hopMysa BEIYUCICHUS TUIOMIAIH
TPEYTOJIbHUKA, CTOPOHAMH KOTOPOTO SIBJISIOTCSI BEKTOPHI — COMHOKHUTEIN:

sAABC:%.\EXE\.

26. CMelmiaHHOe TIpou3BeJdeHHe TpeX BeKTOpoB. [‘eomerpuuyeckuii CcMBICT
CMelIaHHOro npou3seaenusi. Komnianapable BeKTOPbI

Cmewantvim npousgeoeHuem TpeX BEKTOPOB @, b, T (B3ATHIX B yKa3aHHOM TIOPSIIKE)
HA3BIBAETCS YHCIIO, PABHOE CKAIIPHOMY IPOU3BEIECHHMIO BEKTOpoB axb u €: (axb,tT).
O603Ha4aroT ero tak: abc wm (a, b, ©).

(a,b,c)=(axh, c).

Tpu BekTOpa Ha3BIBAIOTCA KOMHWIAHAPHLIMU, €CIIA OHU, OYyAy4dd NPUBEICHHBIMU K
o0leMy Havally, pacrojoKeHbl B OJHOU MIOCKOCTH. Cpeln 3TUX BEKTOPOB MOTYT OBITh U
HYJIEBbIE BEKTOPBI.

l'eomempuueckuii  cMbICT CMEUAHHO20 NPOU3BEOEHLUS. Monynb cMenaHHOTo
MPOU3BEJICHUSI TPEX HEKOMIUIAHAPHBIX BEKTOPOB paBeH 00beMy MapajuielenuIea,
MOCTPOEHHOTO Ha ATUX BEKTOpax (BEKTOPbl — COMHOXHUTEIH CIyKaT pedpamu
napajuiesenune/a, BbIXOIAIUMU U3 OJHOW BEPILUHBI).

Ycnosue xomnnanapnocmu eexmopog. Tpu BEKTOpa KOMIUIAHAPHBI TOT/IA U TOJIBKO
TOTJIa, KOT/Ia UX CMEIIaHHOE MTPOU3BEICHNE PAaBHO HYJIIO.

27. CBolicTBa CMEIIAHHOTO MPOU3BEAeHUS

Ceoucmeo 1. CMeIaHHOE MPOU3BEAECHNE HE MEHSIETCS IIPU KPYTOBOM NIEPECTAHOBKE
comHo)uTenei (a,b,¢)=(c,a,b)=(b,z a).

Ceoticmeo 2. Ilpu niepecTaHOBKE JTIOOBIX JBYX COMHOXKHUTEIIEH MECTaMU CMEIIaHHOE
npousBeneHue MensieT 3Hak (a,b,c)=—b,a,¢); (a,b,c)=—(c,b,a); (a,b,c)=—(@ zb).

Ceoticmeo 3. CMEUIaHHOE MPOU3BEACHUE HE W3MEHUTCS, €CIM B HEM MOMEHSTH
MECTaMH BEKTOPHOE U CKAJISIPHOE MPOU3BEACHUS (a xb), 6)= (a, b x E).

Csoiicmeo 4. Ecim a0, b #0, E;tﬁ, TO (ﬁ, b, c‘:):O TOTJa ¥ TOJIBKO TOTJa, KOTJa
BEKTOPHI &,b,C KOMIUIAHAPHBIL.

Ceoticmeo 5 (pacnpedenumenvHoe c60ticmeo) (ﬁ +b, c‘:,a): (5,_0, a)+ (5, c, a).

Cesoticmeo 6 (couemamenvHoe C80UCME0) (/I_a b, (‘:)= /1(5, 5,6).

Ceoucmeo 7. Eciii cMeNIaHHOE MTPOU3BEACHUE TPEX HEKOMIUIAHAPHBIX BEKTOPOB @
, b, T(B3ATHIX B yKa3aHHOM TIOPSIIIKE) TIOJOKUTEIBHO, TO BEKTOPBI — COMHOKHTEIH (B TAKOM

e TOpsIIKe) 00pa3yIoT MpaByIo TPOHKY, €CIIN e CMEIIaHHOE TPOU3BEIEHNE OTPHUIIATEIHHO,
TO BEKTOPBI — COMHOKUTEJH 00pa3yIoT JIEBYIO TPOUKY.

28. BoIpakeHue CMEIAHHOTO MPOU3BeIeHUs Yepe3 KOOPAMHATHI
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coMHO:kuUTeeH. [Ipu3HaK KOMIIAaHAPHOCTH B KOOPAUHATHOH popme

Yepe3  KoOpAMHATBI ~ BEKTOPOB-COMHOKHUTEIIEH E:{ax;ay;az}, b:{bx;by;bz}

c= {cx; o cz} CMEIIIaHHOE MPOU3BEACHUE HAXOIUTCS M0 CleAyrolei popmyie:

a, y a,
(@b,c)=|b, b, b,
¢, C ¢

TIpusnax Komnaanaprocmu mpex 6eKmopos 6 KoopounamHou ¢popme. Bextopsr a , b,
C KOMIUIAHAPHBI TOTJA U TOJIBKO TOT/1A, KOT/1A BBITOJIHSAECTCS YCIOBUE:

a, a, a,
(@b,c)=0 — |b, b, b, |=0
C c C

29. O0bem napasuienenunena. Od0beM TpeyroJbHOM NMPAMHU/IbI
O0vem mnapamnenenunena V,,, MOCTPOGHHOIO Ha BEKTOpax a,b,C, (T.e. 3TH

BCKTOPBI CIIyzKaT pe6paMI/I MapaJuICIICIINIICAa, BBIXOIAIMNMHA K3 O,Z[HOﬁ BepHII/IHI)I) u 00BbeM

00pa30BaHHON MMU TPEYTOJILHOM NMUPaMUAbI V,,, HaXOAATCS IO CIEAYIOINM (pOpMyJIaM:

Viap = ‘ (5’ b, 6)‘; Vaw = %‘ (5, b, ¢ )‘

30. Oburee ypaBHeHue MJI0CKOCTH. OcolOble cjydyan pPacnoJiOKeHHUsl MI0CKOCTH
OTHOCUTEJLHO CUCTEMbI KOOPAMHAT

VYpaBHeHue 11000 MIOCKOCTH MOXKHO 3aIMMCaTh B CIACAYIONIEM BHJIC:

Ax+By+Cz+D=0

rae A’ +B?+C? =0 (uucima A B,C He paBHBI HYJIIO OJHOBPEMEHHO). Takoe ypaBHEHHE
Ha3bIBACTCS 0OWUM YPABHEHUCM NILOCKOCIU.
Bekrop N ={A B;C} nepneHaukyuspeH 1miockoctd (puc.9), €ero HasbIBaOT
HOPMALHBIM 6eKMOPOM NAOCKOCmu (WA BEKTOPOM-HOPMAIIBIO).
A —

N

I I

Puc. 9
31. YciaoBus napaLieJIbHOCTH U NEePHEeHIUKYJIAPHOCTH ABYX IJIOCKOCTEH
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JBe mnockocth  Ax+By+Ciz+D,=0 u AXx+B,y+C,z+ D, =0 napajuieabHbl TOI1a

H TOJIBKO TOr'Ida, KOTJa IMapaJuICJIbHbI X HOPMAJIbHBIC BEKTOPLI (N1H Nz ), a 3TO PAaBHOCHUIIBHO

CIIEQYIOLIEMY YCIOBHIO. ARG .
AZ BZ CZ

JIBE NII0CKOCTH NEPIEHAUKYIISAPHBI TOTIA U TOJIBKO TOT1A, KO 1A EPIIEHANKYJIIPHBI UX
BEKTOpPHI HOpMaJIA (Nl 1 Nz). YcnoBueM NEpHEHAUKYISIPHOCTH JABYX BEKTOPOB CIIYKUT
ciaenyromee ycaosue AA, +BB,+CC,=0.

32.¥Y10J1 MexKIYy ABYMS IJIOCKOCTSIMH

Yron mexnay AByMs IUIOCKOCTIMU Ax+By+Cz+D =0 u Ax+B,y+C,z+D,=0
HaXOJUTCA KaK yroJl MEK1y X HOpMaJIbHBIMUA BEKTOpaMH

COS(/)=COS(N1A N2j= AA +BB, + GG, ,

JAZ+BZ+C? /A2 +B2+C2

33. YpaBHeHMe ILIOCKOCTH, MPOXOJsiliell Yepe3 JaHHYK TOYKY NapaslieibHO
3aJJaHHOM MJIOCKOCTH (NMEePHNEeHIUKYJISIPHO 3aJaHHOMY BEKTOPY)
[110CKOCTh, MPOXOAANIas Yepe3 JaHHYI0 TOUKY M (X,;Yy:Z,) HMapauIeNbHO TaHHOM

IIOCKOCTH AX+By+Cz+D =0, 3amaercs ypaBuenreM  A(x—X,)+B(y—y,)+C(z—z,)=0.

Eclii MJIOCKOCTh TPOXOAUT Yepe3 3aJaHHyl TOUKY M (Xy;Yo:2Z,) NMEPIEHAUKYIAPHO
JaHHOMY  BEKTOpPY N={A;B;C}, TO OHa  TpEICTABIACTCS  YypaBHEHHEM
A(x—x%,)+B(y—y,)+C(z—2,)=0.

34. YpaBHeHHe IUI0CKOCTH, IIPOXOAsLIE Yepes TPH 3aaHHbIe TOUKH
VpaBHEHHE  IUIOCKOCTM,  NPOXOAAMIEH  4epe3  TpH  3aJaHHBIE  TOYKH
M, (X, Vi X ) M, (%5, Y5, 2, ), My(Xs, V50 Z5), He JI€sKalye Ha OJHOM NPAMOM, MMEEeT ClieqyroIuii
BUJL
X=X Y- -1
X, =% Y,—Y, Z,—7|=0.
X3=% Ys= Y1 L34

35. YpaBHeHHeE IUIOCKOCTH B OTPe3KaxX Ha OCAX
Ecnu mockocTh 0TCEeKaeT Ha KOOPIUHATHBIX OCSIX OTPE3KH @, b, C, He paBHbIC HYJIIO
(puc. 10), To ee MOXKHO MPEACTABUTH YPAaBHEHHUEM
X, Y, Z_q
a b c
KOTOPOE Ha3bIBACTCS «YPABHEHUEeM NIOCKOCMU 8 OMPE3KaAX HA 0CAX».

3ameuanue. Yucna a, b, C MOryT ObITH KaK MOJOKUTEIBHBIMHU, TAK U OTPULIATSIHHBIMU

B 3aBHCUMOCTH OT TOT'0, Ha KaKOM 4aCTH OCH ITUIOCKOCTh OTCEKAaeT oTpe3ok. Eciu, Hanpumep,
MJIOCKOCTh OTCEKAET OTPE30K Ha oTpuliaTenbHoi yactu ocu OX, To a<0.
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Puc. 10

36. KaHoHnuyeckne (CHMMeTPUYHbIE) YPAaBHEHHUs] MPSAMOI JIUHUU B TPeXMEPHOM
NPOCTPAHCTBE

[IpsiMasg JMHUS B TPEXMEPHOM IPOCTPAHCTBE MOKET OBITh 3aJaHA KAHOHUYECKUMU

X=X — Y=Y — Z—1Z,
YpaeHeHUsAMU I m n ;

rae Touka M, (Xy; Yy;Z,)—1100ast (PUKCUpOBaHHAs TOYKA, JIEKALIas HA DTOH MPAMOM.

Bekrop S ={l;m;n}, Ha3bIBAEMBIN HANPAGIAIOWUM BEKMOPOM NPAMOlU, TIAPAJUICTIEH 3TOM
MIPSAMOM.

3amMeTHM, YTO B Ka4yeCTBE HAIMpPABISAIONIETO BEKTOpa MPSAMOW MOXKHO B3ATh JIFOOOU
BEKTOP, KOTOPBIN IMApAJUICIIEH €H.

Kanonunueckue YpaBHEHHS BBIPAXkKaIoT yCIIOBHE MapajuieIbHOCTH
HAIPAaBIIAIONIEr0 BEKTOpA MPAMOM U BekTopa MM, , rae Mo—(uKcupoBaHHas TOYKa IPSMON,
a M-texymias Touka 3TOM NPAMOM.

3ameuanue. KaHoHHYECKHE ypaBHEHUS MPSMOM B MPOCTPAHCTBE TAKKE HA3BIBAIOTCS
CUMMEMPUUECKUMU YPAGHEHUAMU.

37. ¥Yroa MEXKIAY IBYMHA IPAMBIMH, 3a/IJAHHBIMA KAHOHUIC€CKUMHU YPABHCHUAMHA
Yron MCIKIOY IIPpAMBIMH, 3aJlaHHbIMHA KaHOHHNYCCKHMHU YPaBHCHUAMU,
X_Xlzy_ylzz_zl " x—x2:y—y2:z—22
1, m, n 1, m, n,

, OIpenensieTcs KakK yroil MexXIy HX

HaIIpaBJIAIOIMUMMHA BCKTOPaMU

== LI, + mm, +nn
cosqo:cos(sl Szj Lz 12 12

\/I12+m12+n12 -\/I22+m22+n22

Ycnosue napannenvnocmu 08yx npsAmulx, 3a0aHHbBIX NAPAMEMPUYECKUMU YDPABHEHUAMU

== L m n
§)s,): pemr=l
|2 m2 n2
Ycnosue nepnenouxynsaipnocmu 08yx npsamvix (§1 1 8_2)1 LI, +mm, +nn, =0.

38. YroJa mexay npsiMmoi M MJI0CKOCThIO
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. X—X —~ -1
Yron Mexay mnpaMoi | 0o oY= Yo _ g
m n

U IIJIOCKOCTBIO Ax+By+Cz+D=0

yIOBJIETBOPSIET COOTHOIICHHUIO (prc. 11): o= % — ( N'S j :

A g

=
~

[TosTOoMy cripaBeBa hopmya: sing =

Puc.

Al + Bm+Cn
\/A2+BZ+C2 -\/I2+m2+n2

Ycnosue nepnenouxynsaprnocmu npamou u niocKoOCmu (NHS_ ): Al +Bm+Cn=0.
A B C

Ycnosue napannenvnocmu npamoti u niockocmu (N 1S ): I
m n

39. YpaBHeHHe NPAMOii, Ipoxoasiiieii yepe3 ABe 3aJaHHbIE TOUYKH

Ecnu npsiMast IpOXOIUT uepe3 BE 3aaHHbIe TOUKA M, (x;V,;2,) 1 M,(X,;Y,;2,), TO OHa
IPEICTABISACTCS CIIEIYIONUM YPaBHEHUEM

X=% _¥Y=% _ 274

X=X Y=Y Z,—4

40. MaTtpuubl. Buabl maTpuir

Mampuyeti pasmeprnocmu mxn (M ua Nn) Ha3pIBacTCd MNPAMOYIOJbHAs TaOJHIIa,
COCTOSIIIAsA U3 M CTPOK U N CTOJIOLOB

8, A, 8y,
A= 8y 8y &sn
a a a

Kpartko MaTpuiry MOXHO 3amucaTth Tak:

A=(a, )izl, g i A= (a;).

Kax1p1il 3J1eMEHT MaTpHIlbl, KaK M 3JIEMEHT ONPEICTUTENsI, IMEET TBOWHON WHIEKC,
YKa3bIBAIOIIUI HA HOMEP CTPOKU U HOMEp CTOIOIa, B KOTOPBIX PACTIOIO0XKEH dJIEMEHT.

Martpuily Ha3bIBaIOT K8AOPAMHOU, €CIH KOJIMYECTBO €€ CTPOK PaBHO KOJHYECTBY
cTOJIONOB: M=n. YuCio N mpu 3TOM HA3bIBAIOT HOPAOKOM KEAOPAMHOU MAMPUYbL.
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KBanparHoit Marpuile MOKHO MOCTaBUTh B COOTBETCTBUE OINPEACIIUTEND, COCTOSAIINMN
U3 €€ 2JIeMEeHTOB. Ero Ha3bIBAIOT onpedenumenem mampuysl 1 0003HAYAIOT |A| :
A:[ 4 7) N | A|= 4 7
1 -1 1 -1
KBampaTHas maTpuiia Ha3bIBaCTCS HEBbIPOIHCOECHHOU, €CIIH €€ ONpeeTUTeIb OTIMIYCH
OT HYJIA.
Eounuunoii mampuyeri Ha3bpIBAlOT KBaJpaTHYIO MaTpPHILy, D3JIEMEHTHI TJIABHOM
AuaroHanan KoTopoil paBHbl 1, a Bce ocrampubie — 0. Hampumep, eauHHuHas MaTpuiia
100
TpeThero nopsigka umeetr Bua: E=/0 1 0
0 01

KBampaTHyt0 MaTpuily Ha3bIBAIOT 8epPXHEMPEY20AbHOU, ECIIA BCE €€ DIEMEHTHI,
PaCIIOJIOKEHHBIE HUXKE TJITABHOW IMArOHAIM, PABHBI HYJIIO.
KBagpaTHyt0 MaTpHily Ha3bIBAIOT HUNCHEMPEY201bHOU, €CIIA BCE €€ DJIEMEHTHI,
PACIIOJIOKEHHBIE BBIILIE TJIaBHOW TMAarOHaIM, PAaBHBI HYJIIO.
Hanpumep, matpunia A - gepxuempeyzonvnas, mampuya B — nuoscnempeyzonvras:

5 31 9 00
0O 07 -8 11

Martpuna A’, cTpokaMu KOTOPOM CIy»KaT COOTBETCTBYIOIIME CTOJIOIBI MAaTpUIlbl A, a
CTOJIOIIAMH — COOTBETCTBYIOIIUE CTPOKHW MATPHUIlbl A, HA3BIBACTCS MPAHCHOHUPOBAHHOU
mampuyet 175 MaTpuibl A.

13 -4 10 -7
Ecou  A=| 0 2 5|, 0 A =| 3 2 ,
-7 4 1 4 5 1

41. JleiicTBusi HAJA MATPULIAMHU: CJI0KEHHE, YMHOKEHUE HA YUCJI0, IPOU3BeeHue
MaTpHLl

Cymmou 1Byx Matpul A= (aij ), B= (bij) Ha3bIBaeTca MaTpuna A+ B = (aij + bij).

WNuaye TrOBOps, YTOOBI CJOXKWTH JBE MATPULBI, HEOOXOAUMO CIOXHTh HX
COOTBETCTBYIOIIME 3JIEMEHTHI (3JEMEHThl C OJAMHAKOBBIMU HHJeKcamH). O4eBUIAHO, 4TO
CK1a0bI8AMb MONCHO MOJILKO MAMPUYbL OOUHAKOBOU PAIMEPHOCHIU.

Ipoussedenuen MaTpUIBl A Ha YMCIO A Ha3biBaeTcs MaTtpuma AA=(1-a,). Takum
0o0pa3oM, YTOObl YMHOXHUTh MaTPUILy HA YUCIIO, CIEAYET BCE €€ DJIEMEHThl YMHOKUTh Ha 3TO
YHCIIO.

Iycts matpuna A=(a,) umeer pasmepHocTs mxp, Matpuna B=(b,) wumeer
pa3MepHOCTh Pxn. [lpouzsedenuem MaTpullbl A Ha MaTpully B Ha3bIBaeTcs Marpula
C =A-B pa3MepHOCTH Mx N, 3JIEMEHTHI KOTOPOU onpeaesnsatoTcs: (GopMyJIoi:

P
Cik :Zaij 'bjk
j=1
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i=L...m; k=1..,n, T.e. 3AeMEHT C; MAaTPUUbI-TPOU3BEIACHHUS, CTOSAIINMI B i- OU
CTpoKe U K - oM cToJIOle, paBeH CyMM€ IIPOU3BEACHUI COOTBETCTBYIOIIUX AJIEMEHTOB |- O
CTpOKH MaTpullsl A U k - ro crondua matpuiibl B . MHade roBopsi, 4TOObI YMHOXKHUTH MATPHUILY
A Ha Martpully B, HE0OOXOAMMO CTPOKM A YyMHOXAaTh MOOYEPEIHO Ha CTOJOIBI B U
pE3yIbTaThI 3aIIUCHIBATE 10 CTPOKAM.

3ameuanue. JIBe MaTpULIbI MOKHO MEPEMHOKUTH JIUIIb IPU YCIIOBHH, YTO KOJIUYECTBO
CTOJIOIIOB MEPBOTO MHOXKHUTEJS PaBHO KOJUYECTBY CTPOK BToporo. [Ipu 3ToM B pesynbraTe
IIOJIYYUTCS MATpHULla, Y KOTOPOU CTPOK CTOJIBKO XK€, CKOJIBKO UX Yy IIEPBOIO MHOMKMUTENSA, a
CTOJIOIIOB CTOJILKO, CKOJIBKO MX Yy BTOPOTO.

42. CBoiicTBa qelicTBUIi HAJl MATPUIIAMH

ITycts A, B, C — matpumsl; o, B, — uucna. CrnpaBenuBbl CISAYIOMNAE CBOMCTBA
JNEUCTBUM HAJ MAaTPULIAMH:

Csoticmso 1. AcconmaTuBHOCTH oneparuu cioxkenus: (A + B)+C =A +(B + C).

Cesoticmeo 2. KoMMyTaTUBHOCTH ornepauuu cioxenus: A+ B =B + A.

Csoticmeo 3. AccormatuBHocTh onepanuu npousseneHus: ( AB) C = A (BC).

Ceoucmeo 4. IlponsBeaeHue MaTpull HE KOMMYTaTUBHO: A-B=B-A.

(Mnorpa Haiiti mpousBesieHHe A-B BO3MOXKHO, a B- A—HeT.)

Ceoticmso 5. JluctpubytuBHsiii 3akoH: A (B + C) = AB + AC; (B + C) A=BA + CA.

Ceoticmeo 6. (o + ) A=aoA+ A, a(fA)=(ap)A; a(A+B)=ad+aB.

43. PaHr MmaTpuubl

[Tycts 3amana MaTtpuiia A pa3MeEpPHOCTH Mx N . Boiiennm B HEM K MPOU3BOJIBHBIX CTPOK
U Kk mpou3BOIBbHBIX cTONOIOB (k <m, k <n). Onpeaenurens K - To MOPsiiKa, COCTABICHHBIN U3
AIIEMEHTOB MATPHUIIBI A, PACIOJIOKEHHBIX Ha MEPECEUeHUU BHIOPAHHBIX CTPOK M CTOJIOIIOB,
Ha3bIBAETCSI MUHOPOM K -I'O TIOPSiIKA MaTPHUIIBL A.

Hanpumep, B maTpune

BBIOEpEM J[BE TIEPBBIC CTPOKH U JBA MOCIEIHUX CTOJIONA. DIEMEHTHI, CTOSIINE HA UX
MepeceueHur, o0pa3yrT ONMPEACIUTEh BTOPOTO MOPSIKA, KOTOPHIM MPEACTaBIsSET CO00it
-3 2

1 -5

Camu 351eMEeHTBI MaTPUIIbl CYMUTAIOTCSI MUHOPAaMU TIEPBOTO MOPsIKa.

Paneom mampuyvr HazpiBaeTcsi HauOONBIIMN MOPSJOK MHUHOpA ASTOM MAaTPHIIHI,
OTJIMYHOTO OT HYyJIs, 0003HauaeTcst panr r(A),

OJMH U3 MUHOPOB MaTpullbl A BTOPOTO MOpsiAKa A =

Bceskunii OTIMYHBIA OT HYJISI MUHOP MaTpUlbl A, TOPSAOK KOTOPOIO PaBEH pPaHry,
HA3BIBACTCS OA3UCHBIM MUHOPOM MAMPUYDL.

JIBe Matpuiiel A U B Ha3bIBAKOTCS IKEUBATEHMHBIMU, €CIN BBIINOJIHIETCS PAaBEHCTBO
r(A)=r(B). DKBHUBaNCHTHbBIC MATPHUIBI 0003HAYAIOTCS TaK: A~B.

BpruuciauTh panr mMaTpuilbl ¢ TOMOUIBIO OMPEACICHUST 3aTPyAHUTEIBHO, MOCKOJIBKY
JlaXke MaTpulla HeOOIBbIION pa3MEePHOCTH UMEET 3HAYUTEIbHOE KOJMYECTBO MUHOPOB.
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JIisi HaXOXXIEHUST paHra MATPHUIly C IOMOIIBI0 3JIEMEHTAPHBIX MPeoOpa3zoBaHUM
MIPUBOJIST K TPAICIIUEBUTHON (B YACTHOCTH, K BEPXHETPEYTOJIbHOMN ) SKBUBAJIEHTHON MaTPHUIIE
(ameMeHTapHbIe MPEe0OPa30BAHMS COXPAHSIOT PAHT), pAHT KOTOPOM BRIUUCISETCS YCTHO.

[lon mpaneyuesuonoti gpopmoii mampuysl TOHUMAIOT TaKyo (HopMy, B KOTOPOIl Bce
AJIEMEHTHI, PACIIOIOKCHHBIC HIDKE TJIABHOM TMaroHau, paBHbI HYJIIO.

DremenmapHviMu npeodpa308aHUAMU Mampuybl HA3bIBAIOT CICAYIONINE OTIEPALIUH:

1) 3aMeHy CTpOK CTOJIOIIaMH, a CTOJIOIOB COOTBETCTBYIOIIMMH CTPOKAMHU
(TpaHCTIOHUPOBAHWE MATPUIIBI);

2) TepecTaHOBKY CTPOK (CTOJOIIOB) MECTAMHM;

3) BBIUCPKUBAHKE CTPOKH (CTONIONA), BCE AJIEMEHThI KOTOPOW PaBHBI HYJIIO;

4) yMHOXEHHE KaKOW-JIMOO CTPOKH (CTONOIA) HA OTIIMYHOE OT HYJIS YHCJIO;

5) npubaBicHHE K JJIEMEHTaM OJHOHW CTPOKH (CTOJIOIA) COOTBETCTBYIOIIUX
AJIEMEHTOB JIPYTO#l CTPOKH (CTOJIONA).

1 2 3 -1
IIpumep. Beraucanuts panr Matpunsl A, ecom A=[3 1 2 4
2 -1 -1 5

Pewenue.  UTOOBI TOJYYNUTh HYJIEBBIE JJIEMEHTHl B IIEPBOM CTOJOLIE HUXKE
JAMaroHaJIbHOTO, BBHIIIOJHUM CIIEIYIOIIKE 3JIEMEHTapHbIE IPeoOpa3oBaHUsL:

v BTODYIO CTPOKY CIIOKHM C TIEPBOM, yMHOKeHHOU Ha uncino (—3);

v TPETHIO CTPOKY CJIOKHM C TIEpPBOi, yMHOKEHHO#H Ha yucio (— 2):

1 2 3 -1 1 2 3 -1
3 1 2 4,~-|10 -5 -7 7
2 -1 -1 5 0 -5 -7 7

JUid monydeHusl HyJE€BOIO 3JIEMEHTa BO BTOPOM CTOJIOLE HMXKE AMATOHAIBHOIO W3
TPEThEW CTPOKH BBIUTEM BTOPYIO:

................

1 2 3 -1 (i"i2 3 1
0 -5 -7 7|0 i5 -7 7

...............

O -5 -7 7) {0 0 0 O

B nocneaneit MmaTpuile TpanenueBUAHON GOPMBI HA TIEPECECUCHHUH TIEPBBIX JBYX CTPOK
Y TIEPBBIX JBYX CTOJOIIOB HAXOATCS DJIEMEHTBI, KOTOPbIe 00pa3yrOT MUHOP BTOPOTO MOPsIKa
1 2
OTJIMYHBIN OT HYJIS: =-5=0,
0 -5
Bce MUHOpBI TpeThero mopsijka paBHbI HYJIIO, TaK KaK COJIEPKAT CTPOKY U3 HYJIEH.
CrnenoBatelibHO, paHT MaTPUIbl KaK IMOJYYEHHOW B pe3ysbTaTe MpeoOpa3oBaHUM, Tak U
3a7laHHOM, paBeH 2: r(A)=2. PacCMOTpEHHBINH OTIMYHBIA OT HYJISI MHHOP BTOPOTO MOPSIKA
SABJISICTCS] 0A3UCHBIM.
3aMeTHM, 4TO BCE MPOBEICHHBIE DJIEMEHTAPHBIC MPEe0Opa30BaHMs MOKHO
o(pOopMHUTH KOPOTKO CIEAYIOUIMM 00pa3oMm, o0o3Havas yepe3 C CTPOKH MaTpHUILIbI, a
gepes S —ee CTOJIOIBI.
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1 2 3 -1 1 2 3 -1 1 2 3 -1

C,: C+(=3)C, Cy: C3—C,

3 1 2 4| ~ |0 -5 -7 7| ~ 0 -5 -7 7|=rA)=2.
Cy: G3+H(-2)C,

2 -1 -1 5 0 -5 -7 7 0O 0 O O

Omeem: r(A)=2.
44. CucreMbl JIUHEHHBIX YPABHEHUMH
a; X, +a,X, +...+a,X, = b

Ay X + 8%, +...+3,,X, = D,

2n“*n

Cucrema BHa: :

A X, +a,,X, +...+a,,X, =b

m

TAE€ X, X,, ..., X, —HEM3BECTHbIE, a &, b,i,=1...,m; j=1...n-3amaHHblC 4YHUCIAa,
Ha3bIBACTCS CUCEMOU M TUHEUHbIX YPasHeHuli C N Heu38eCmHbIMU.

Pewenuem cucmemvl HA3BIBAETCS YIIOPSIOYEHHBIN HAGOp M3 N uuceN (X, X,,...,X, ),
oOpallaroiuii Bce ypaBHEHHsI CUCTEMBI B TOKJECTBA IPU MOJICTAHOBKE B HUX.

Cucrema ypaBHEHUI HAa3bIBa€TCId COBMECMHOU, €CIA OHa HMMEET XOTA OBl OJIHO
peuieHue. Eciau y cucteMbl HET HU OJTHOTO PEIICHHUs], OHAa HA3bIBACTCS HeCOBMECMHOLI.

Cucrema Ha3bIBae€TCsi 0OHOPOOHOU, €CIIA BCE CBOOOHBIE YWIEHbl YPABHEHHUI CHCTEMBI
b, i,=1...,m, paBHBl HYIIO: b,=0,b,=0,...,b, =0. Jltobas omgHOpOJHAs cHUCTEMA
COBMECTHA, TaK Kak OHa UMEET HyJIeBoe pemieHue x, =0, x, =0, ..., x, =0.

Martpuna, cocTtaBieHHass W3 KO3((UIMEHTOB TPU HEU3BECTHBIX, HAa3bIBACTCS

8 8, ... &,
- . 8y 8yp ... Ay
mampuyeu Cucnemal. A=
a a a

ml m2 mn

Martpuna A BUJIA:

&, &, ... &, b

;&: a,; dy, ... Q,,

a b

m2 mn m

a a

ml
HA3bIBACTCS pACUUPEHHOU Mampuyel CUCTEMDL.

3amMeTuM, 4TO MaTpuily A MOXXHO TOJY4YUTh U3 A, 100aBUB CTOJOEI] CBOOOIHBIX
by

2 -
4jeHOB. MaTpuna — ctonbeny  B=| | | Ha3pIBACTCA Mampuyeu c60000HbIX UlIeHOE.

b

3ameuanue 1. B matpuunoit popme cucTeMy JIMHEHHBIX YpaBHEHUN MOYKHO 3aIUCaTh
Xl

m

X
tak: A-X=B, roe X = :2 — MaTpulia - CTOJI0EI] HEU3BECTHBIX.
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45. UccaenoBanmue cuCTeMbl JIMHEHHBIX YPaBHEHHMII HA COBMeCTHOCTb. Teopema
Kponexepa — Kanesn

OTBeT Ha BOIPOC O COBMECTHOCTH CHUCTEMBI JMHEHHBIX YpPaBHEHHH, a B Cllydae
COBMECTHOCTH U O KOJINYECTBE PEIICHUN CUCTEMBI, JAET CIEAYIOIIas Teopema.

Teopema Kponexepa — Kanennu. CucteMa TMHEHHBIX YPABHEHUN COBMECTHA TOTAA U
TOJIBKO TOI'/I4, KOTJia PaHI MaTPUIIBI CUCTEMBI PABEH PAHTy €€ PACIIUPEHHON MaTpHUILIbI

r(A)=r(A)=r
[Ipu 3TOM (B cilydae COBMECTHOCTH), €CJIH PAHT I PAaBEH KOJIMYECTBY HEW3BECTHBIX N,
TO CHCTEMa UMEET SAMHCTBEHHOE PEIICHHUE.

Ecnu r <n, To cucremMa nmeeT 6€CKOHEYHOE MHOKECTBO PEIICHUHN, TPU HAXOXKICHUH
3TOr0 MHOECTBA (N —r) HEHM3BECTHBIX HA3HAYAIOT CBOOOIHBIMH.

U3 TeopeMsI crieayer, uto eciam  r(A)= r(f&), TO CUCTEMa HECOBMECTHA.
JIns ucciieoBaHUsl CUCTEMBI JIMHEHWHBIX YPAaBHEHHUIM HA HAIMYME PEIICHUN U HX
KOJIMYECTBO C MOMOIIbIO Teopembl KpoHekepa — Kaneni HeoOX0oauMo cieniaTh Cleyromiee:
v BBINNCATh PACITHPEHHYI0 MATPUILY CHCTEMEI A |
v C TIOMOIIBIO 3JEMEHTApHBIX MpeoOpa3oBaHUIl CTPOK MPUBECTH €€ K
TparnenueBUIHON (B 4aCTHOCTH, BEpXHEYTOJIbHOI) (hopMme;
v OIPENENTh PAHT PACIIHPEHHOM MaTpHIbl F(A);
v HPUKPHIB» MOCIEIHUI CTONOEI, ONpeieUTh PAHT MATPHIILI CHCTEMBI (A);
v CPaBHUTH NOJIYYEHHBIE PAHTH U CHIEJIATh BBIBOI.
3ameuanue 1. [lpu pemeHun ar000M CUCTEMBI JIMHEWHBIX YPaBHEHUN BO3MOXHBI TPU
CJIEIYIOIME CUTYALUH:
1) cuctema He UMEET PELICHUN;
2) cucTeMa MMeeT SAMHCTBCHHOE PEIICHHE;
3) cucreMa uMeeT OECKOHEYHOE MHOXKECTBO PEIICHUH (IBYX — TPEX PEIICHHN OBITh HE
MOJKET).
3ameuanue 2. ][5 OMHOPOJHON CUCTEMBI JINHEMHBIX YPAaBHEHUN BO3MOKHBI JIUIIb J1BE
MOCJIETHAE CUTYyallud, IPUYEM BTOpPAsl 03HAYAET, YTO OJAHOPOJIHAS CUCTEMA MMEET TOJIBKO
HyJieBoe pemieHue. Eciu perennii 0eCkoHeUHOE MHOYKECTBO, TO Y OJTHOPOJHON CUCTEMBI ECTh
HEHYJIEBbIC PEIICHMUS.
46. Metoa Kpamepa pemieHusi cucteM JIMHEHHBIX YPaBHEHHUIA
Cucrema ypaBHEHHI Ha3bIBACTCS K8AOPAMHOU, €CIU KOJIWYECTBO ypaBHEHUHN B HEl
PABHO KOJIMYECTBY HEU3BECTHBIX, T. €. €CJIM: M=N
a X, +aX, +...+a,X, = b

Ay Xy +8,X, +...+ Ay X, = b,

A X, +a,X, +...+a,,X, =b,.
[Ipr 5TOM YHKCIIO N HA3BIBACTCS NOPAOKOM CUCHEMDL.
Meton Kpamepa mnpuMeHAETCSs TOJNBKO JMJisl PEIICHUS KBAJIPATHBIX CHUCTEM C

HEBBIPOKICHHON MaTpuLeH, T. €. ipu |A|#0 . Takas cucTeMa UMEET €IMHCTBEHHOE PEIIEHHUE,
KOTOpO€ HaxoauTcs o gpopmynam Kpamepa:

38



rac A — TI1aBHBIN OnpcACINTCIIb CUCTCMEI, a Ai — BCIIOMOI'aTCJIbHBIC OIIPCACIINTCIIN.

BcnoMorartenbHbIe ONPEIEIUTENId CTPOSITCS C MOMOINBI0 A crnenyromuM oopazom: u3 A
«BBIOPACHIBAIOT» CTOJIOEI O HOMEPOM | ¥ 3aMEHSIIOT ETO CTOJIOLOM CBOGOIHBIX YIIEHOB.
B yacTHOCTH, 17151 CUCTEMBI TPETHETO MOPSAJIKA
X +apX, +aX; = b
Xy +8yyX, + 8%y = b,
83,X, + 83X, + 855X = by

dbopmynsl Kpamepa OyayT Takumu:

xl:%, xzz%, x3:%,
rac
a, @, a3 b, a, a; a; b, ag, & &, b,
A=l|a,, 3, 8y |[,A= b, a, a,;|, A, =|ay b, Ay, A= 8y b,
83; 83, Aag3 b; a;, a; A, by Ay 8, a; by

47. Metoa WUCKJIIOYeHUs Heu3BecTHBIX (Meroa I'aycca) pemeHusi cucrem
JIMHENHBIX YPABHEHUM

Memoo ucknouenus Heuzgecmuwvlx unu memoo laycca SBASETCS YHUBEPCAIbHBIM
METOJIOM pEILICHUs CUCTEM JIMHEWHBIX YPABHEHUMW, IIOCKOJIBKY OrPAaHUYCHUM ISl €ro
MPUMEHECHUSI HET. Ero MOXHO HCIIONB30BaTh W JJISl PEIICHUS KBAJPATHBIX CUCTEM C

BBIPOXKIECHHON MaTpuuel, T. €. mpu A=|A=0, U 1 peleHns CUCTEM, Y KOTOPBIX YHCIO

YPaBHEHUI HE PaBHO YUCILy HEU3BECTHBIX.

Cyms memooa I'aycca cocTouT B npeoOpa3oBaHUM 33JaHHON CHCTEMbI YpaBHEHUH K
PAaBHOCWJIBHOM CHCTEME, M3 KOTOPOM HETPYJHO IIOOYEPENHO HAWTH HEU3BECTHBIC.
Pacimmpennass Marpuma mpeoOpa30BaHHOW CHCTEMbl HUMEET mpaneyuesuoHyio  uiu
8epxXHempey201bHYIO Popmy.

IIpakTrueckoe peleHrne cucTeMbl METOAOM ['aycca MOXKHO pa3JeiauTh HAa JBE YacTH:
MpsAMOI XOA 1 0OpaTHBIN XOJ.

IIpsmoii x00 COCTOUT B CIAEAYIOILIEM:

v BBIIMCATh PACIIUPEHHYIO MAaTPUILy 3aAaHHOU CUCTEMBI;

v C TOMOUIBIO DJJIEMEHTAPHBIX NPeoO0pa3oBaHUMN CTPOK TMPHUBECTH €€ K
TpaneuueBUIHON WM K BEPXHETPEYTOJIbHOU (hopme;

v OIPENETHTh PAHT MATPHIL CHCTEMBI T(A);

v 110 Teopeme Kponekepa — Kanemu cienate BBIBOJ O COBMECTHOCTH CHCTEMBI, A B
CJIy4ae COBMECTHOCTH U O KOJIMYECTBE PELICHUN.

3ameruM, 4To mpsiMoil xox meroaa ['aycca, mo-cyiiecTBy, MOBTOPSIET BCE NEUCTBUA,
KOTOPBIE BBINOJIHSAIOTCS MPH UCCIEAOBAHUN CUCTEMBI.

Obpammubwiii xo0 Metoa ["aycca BKIIIOYAET ClIeyIOIIee:

v 110 TNpeoOpa3oBaHHOI MaTpHIle, SKBUBAIEHTHOH A, BOCCTAHOBHTH CHCTEMY
JMHEWHBIX ypaBHEHU. OHA paBHOCUJIbHA UCXOJAHOU CUCTEME, T. €. UMEET TE€ K€ PEIICHUS;

vV B CJIy4a€ €IMHCTBEHHOCTH PELICHUS CIEAYyeT MOOYEPEAHO HAWTH HEU3BECTHBIC,
HA4YMHAas C MOCJIEAHETO YPABHEHHUS;
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€CJIM )K€ CHCTEMAa MMeeT 0ECKOHEYHOE MHOKECTBO pemeHI/Iﬁ, TO (n — r) HEHU3BCCTHBIX

(BBIOpaB CaMOCTOSITEILHO) CIIEYET IOJIOKUTH CBOOOIHBIMHU, OOO3HAYMB HUX KAKUMH-TO
oykBamu. ITociie 3TOro HE0OXOAMMO BCE OCTAIbHBIC HEU3BECTHBIC MOOYECPETHO BBIPA3HTH
4yepe3 CBOOOHBIC, TAK)KEe HAYMHAS C TIOCIICIHETO YPABHCHUS CUCTEMBI,

v 3alucaTh OTBET.

Ilpeoen ghynkyuu, ougppepenyuanvroe ucuucienue

1. lIpenen pyHkumnu

Yucno A HasbIBaeTcs npedeiom @yurkyuu f(x) 6 mouxe a, rae a —4ucio, a € R, (wm
P X — a ), €CIH IS JIF0OO0TO TIPOU3BOIHHO MAJIOTO MOJIOKUTEIBLHOTO YUCIA € CYIIECTBYET
3aBHCSIEE OT HErO MOJIOKUTEIBHOE YUCIO O TaKoe, YTO JJIS BCEX X, YAOBIETBOPSIOLINX
ycnoButo O<|x—a <5, Bemonusercs HepasenctBo |f(X)-A<e.  O6GosHaualoT Tak:

lim f(x)=A.

X—a

Hcnonb3ys 1oruyeckre CUMBOJIBL, 3TO OIpeiesieHre npeena (PyHKIMU B TOUYKE MOKHO
3amucaTh KOPOTKO CIEAYIONIUM 00pa3oM:
lim f(x)=Ae {ve>0 35=6(¢)>0 ||f(x)-A|<e om xeX: 0<|x—g<s5}.
X—a

AHATOTHYHO OTPECIIAIOTCS MMOHATHS Mpejiesia GYHKIMHA B TOUKE U JIJIS CITy4acs,
Korjga A 0eckoHEeYHO (A=, A=+, A=—w) 1100 OecKOHEYHA IIpeeIbHast TOUKa a (X —> oo
, X—> 400, X —>—0).
JInst mpuMepa 3amuiieM JIBa U3 TaKUX CIy4aeB ¢ MOMOIIBIO JJOTHYECKUX CUMBOJIOB, M
3J1eCh CKOJIb YTOJHO OOMBIIIOE MONIOKUTEIEHOE YUCIIO:
lim f(X)=Ae {Ve>0 IM=M(£)>0 || f(x)-Al<s om xeX: [{>M};
lim f(x)=0 < {YM>0 35=6(M)>0 || f(x)|>M om xeX: 0<|x-a<s}.

X—a

3ameuanue. 1Tpenenom MoCTOSIHHON BEJIMYMHBI C HA3bIBAETCS caMa BEJIWYKHA C.

2. beckoHeyHO MaJjible W 0eCKOHeYHO O00JiblIMe BeJUYHHbI. CBA3L MEXKIY
0eCKOHEYHO 00JLIITHUMH U 0€CKOHEYHO MAJIbIMH

beckoneuno manou eenuyunou TpU X —>a  HA3BIBACTCS BEIWYMHA, MPEIEI

KOTOpPOM B TOUKE & PABEH HYJIIO.

Ipumep. ®ynxuys y = X2 — 9 ecTh OECKOHEYHO Maasl BEIMYMHA IIPU X — 3, TaK
Kak mpejen 3Tod (QyHKIUMU B Touke a=3 paBeH Hymwo. [Ipu X —2 nanHas ¢GyHKOUS He
ABJISIETCS] OECKOHEUHO MaJION, TTOCKOJIbKY TMpesies (PyHKIIMU B TOUKEe a=2 paBeH —5.

3ameuanue 1. VI3 MOCTOSTHHBIX BEJIUYMH €IUHCTBEHHOE YHCIIO HOJb SIBIISIETCS
OECKOHEYHO MaJIoi BEIMYMHOM, MPUYEM B JTIFOOOM TOUKE a.

beckoneuno 6onvwio eenuuuHol IpU X — & HA3BIBACTCS MEPEMEHHAS BEJIMUMHA
Yy, aOCOJIIOTHOE 3HaUYEHHE KOTOPOW HEOTPAaHWYCHHO BO3PACTACT MPHU X — a (Tmpesen Y B TOUKe
a paBeH o).

3ameyanue 2. Hu omHa W3 IOCTOSAHHBIX BEIWYUH HE SIBIISIETCI OECKOHEYHO
OOJIBIIION HU B KAKOW TOYKE.

_ 1
Ilpumep. OyHKIUA Y = T €CTh OSCKOHEYHO OOJIbINIasi BEIUYMHA TP X — 5,
X_

TaK Kak ee MpeJesa B TOUKe & = 5 paBeH oo. Jra ke (yHKUUS HE SIBISETCS OECKOHEUYHO
OOJIBIION, HATIPUMED, TTPU X —> 7 .
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Teopema 0 653U OeCKOHeuHO MAaviX U Oeckoneyno Ooavuiux eeauyun. Eciu

o o 1
BCIIMYMHA Y SBJIACTCA OCCKOHEYHO OOJIBIION BEITUYNHOMN npu X—>a, To0 — €CTb OCCKOHEYHO
y

Malias BeJIM4YrHa Ipu X — a. Eciu BenuuuHa Y sBasieTcsl 0ECKOHEYHO Majioil BETMYUHOMN TTPU

1
X—>a, TO — €CThb OCCKOHEYHO OOJIbIIAs BEIMYNHA Inpu X —>a.
y

3. OcHOBHBIE TEOPEMBI 0 MpeeIax
Bynem mpeamnonarate, 4to GyHKIuu f(x) u g(x) UMEIOT KOHEUHBIE TPEIEIBl B TOUKE

a, a ¢ — MOCTOsIHHAs BeMnurHa. Toraa crpaBeIMBbI CIICTYIOIINE CBOMCTBA MPEICTIOB.
Teopema 1. Tlpenen cymmbl (pa3HocTH) (YHKIMH paBeH cymMme (pa3HOCTH)
11101991 (1 (0):5

lim[f (x)£ g(x)]= lim f(x)%lim g(x).
Teopema 2. Ilpenen npon3BeIeHNS paBEH IIPOU3BENCHUIO NPEIETIOB:
lim[f (x)- g(x)] = lim f(x)- lim g(x).
Teopema 3. I10CTOSSHHBINI MHOKHATEIIb BBIHOCUTCS 3a 3HAK IIPEIeia:
lim[c- f(x)]=c-lim f(x).

Teopema 4. Ilpenen 4aCTHOTO PaBEH YACTHOMY MPEAEIIOB, €CJIU MPEIEIT ACTUTEIS

OTJINYEH OT HYJIA:
lim f(x
Iim[f(x)}: xa ( ), limg(x)=0.
X—>a g(x) lim g(x) X—>a

X—a
3ameuanue 1. Teopembl 1 1 2 ocTaroTCs CIPaBEUIMBLIMU MPHU JTFOOOM KOJIUYECTBE

(yHKIIHIA.
3ameuanue 2. [Ipu BBIYUCIEHNHN NIPEJIEIOB Pa3IMUHbIX (PYHKIUN 4acTO UCHOIb3YHOTCS
CICAYIOIIME MPOCTEHIINE IPENeibl, KOTOPbIE HAXOLATCS C IOMOLIBIO 3JIEMEHTApPHBIX
pacCykJICHUMU.
1. limCx=w

X—>0

2. IimE:O,
X—0 X

3. 1im < = o
x—=0 X

rae C#0—nocTosiHHASL.

4. TlonsiTHe HeoNpeaeIeHHOCTH. Hexkoropble MeTOAbl  pPacKpbITHHA
HeolpeaeJJeHHOCTe! NMPH BBIYMCICHUU NpeaesIOB PALMOHAJIBHBIX U HPPALMOHAILHBIX
(12 1N107071

Boluucnenue mnpenenoB dr00bIX (QYHKUUWA ClIeIyeT HAUYWHATh C HEMOCPEICTBEHHOMN
MO/ICTAHOBKHM BMECTO MEPEMEHHOM X €€ MPeAesIbHOI0 3HaUYeHUs a B (PYHKIIUIO, CTOSAILYIO O]
3HAKOM Mpenena. Eciam mpu 3TOM NONMy4yaeTcss KOHEYHOE YHMCIO WA OOUH W3 CIIy4acs,
MPUBEIEHHBIX B 3aMeuaHuu 2 naparpada 79 (mpocreiiiime npeaessl), TO 3TO U €CTh 3HaYEHUE
npenena.

B mpoTtuBHOM cCitydae, TO €CTh IIPH BO3HUKHOBEHHH KaKOW-TMOO JPYroil CUTyaIluu
(HEeoTpeeIeHHOCTH), HEOOX0aUMO MpeoOpa3oBhIBaTh (DYHKIMIO, CTOAIIYIO TOJ 3HAKOM
npeznena.
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Ecnu ¢ynknuu f(x) ¥ g(x) SBISIOTCS OJHOBPEMEHHO OCCKOHEYHO MAaJIbIMH WU

. f(x
OECKOHEUHO OOJIBIIMMHU MPU X — &, BOIIPOC O BEIYUCIICHUH TIpeiesia UX OTHOMICHHS lim (L))
X

X—a g

pemaeTcss HEOJHO3HAYHO. DTOT MpEAea MOXKET JaXe HE CyllecTBoBaTh. ['OBOpAT, 4YTO
OTHOIIIEHHE JBYX OECKOHEYHO MaibiX (DyHKUMU TMpeacTaBisieT coOoit HeonpedeneHHocmyb

0 0
6uda —. A OTHONLIEHHE JBYX OECKOHEUHO OOJNBINUX SBJISAETCA HEONPeOeIeHHOCMbIO 6U0d — .
o0

KpoMe NepeunclIeHHbIX BCTPEYAIOTCs M APYyrMe BUALI HeompenenaeHHocTed. Tak,
HaIpUMeD, B citydae, korja f(x) u g(x) 6eckoHedHO 0oJIbIIre QYHKIIMHU, TO P BEIYUCIEHUH
npenenos lim[f(x)+ g(x)] MoxkeT BOBHUKHYTH Heonpedenennocms auda (o — ).

X—a

Ecmm  f(x)- OeckoHeuHo wmanasi, a g(x)—OeckoHedHO Oounbinas (yHKIHH, TO
BBIYMCIIEHHE TIpesiena uX npousseaeHus lim[f(x)- g(x)] nmpuBomuT k Heonpedenennocmu uda
X—a

0-co. IIpu HAXOXKICHUH TIPEACIIOB lim [f (x)g(X)J BO3HHUKAIOT Heonpedenennocmu udos 17, 0°,

o,

Brruuciienue npeaena uiavM yCTaHOBIICHUE TOTO, YTO OH HE CYIIECTBYET, ITPU HATUYUH
HEOIPEACICHHOCTH KaKOro-TO BHJA HAa3BIBAIOT «PACKPbIMUEM HEONPeOeieHHOCLY.
Cyl11eCTBYIOT CII€IIUATIbHBIC IPUEMBI PACKPBITHS HEOTIPEACICHHOCTEM.

[Ipocreiimme mpueMbl pacKpbITUS HEONPEACICHHOCTEN NMPH BBIYMCICHUU IIPEIIECIIOB
palMOHANIBHBIX ¥ UPPALIMOHAIBHBIX (DYHKIWN MPUBEACHBI B CJICYIONIECH TabIuIIe.

Ne Bu Merton packpbIThs
A Xapakrep QyHKIHH A backp
/1 HEOIpeeIEHHOCTU HEOIpeIeIEHHOCTH
Pa3znoxenune Ha
1 0 Panmonanehas MHO>KUTEIH
0 byHKIMS (uncnurens u
3HAMEHATEJs)
YMHOKEHUE HA
0 «COMPSHKEHHOEY (YUCTUTEITIO
HppanunonansHas
2 — 100 3HAMEHATEIIO)
0 byHKIMS
BBIpaXEHHE 10 popMyaM
COKPAIIEHHOTO0 YMHOXCHUS
PanmonansHas
Jlenenue u yuciauTens,
0 byHKIUSA
3 — Y 3HAMEHATEJIS Ha CTapIIyIO
0 HppauunonansHas N
CTENEHb MePEMEHHOMN
byHKIUSA
[IpeobpazoBanue
PanmonansHas
4 00 — 00 byHKws BUJY JpOoOU NMPUBEACHUEM K
YH 001eMy 3HaMEHATEITIO
[IpeobpazoBanue k
BH, 00U YMHOXXEHHEM 1
HppannonanbHas Y AP yM
5 00— 00 (byHKIIA JIEJICHUEM Ha «COMPSKEHHOE
yH 1o ¢hopMysiaM COKPaIIeHHOTO
YMHOXEHUS BBIpAKECHUE
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CBoaurcs k
HEOIPEICIICHHOCTSIM 0 17001
PammonansHas ©
5 0.0 yHKIMs - npeoOpa3oBaHUEM
HppaunonanbHas
Fe— ¢byHKINY K BUAY Jpodu
f(x)
f(x)-g(x)= ¢
g(x)
N JlorapugmupoBanuem
o° FR— MIPUBOJIUTCS K OJTHOM U3
7 1° Hg;auHOHanLHaﬁ HEOIPEIETEHHOCTEH,
ooV Py YKA3aHHBIX B ITYHKTaX
i 1-6

5. DKBHBaJ/IeHTHbIE 0€CKOHEYHO MaJIble BeJIUYUHbI
JlBe OeckoHeuHO Manble BenmuuHBl a(x) m B(X) Ha3BIBAIOTCA OSKEUBAICHIMHBIMU

6eCKOHeUHO MANbLIMU TIPH X —> @, €CITH npefel WX OTHONIEHHS pAaBeH  EMHUIE
_ox

lim alx) _ 1. O603HauaroT TaK: a(x)~A(x) mpu x —>a.

x—>a ﬂ(x)

OKBUBaJICHTHbIE OECKOHEYHO MaJIble BEJIMUMHBI 00JIaAET CIAECIYIOIIUMHU CBOMCTBAMH.

Ceoticmeo 1. Ilpu HaxOXIE€HUM Ipe/iesia OTHOUICHHUS IBYX OECKOHEUHO MaJIbIX MOXHO
KaXIyl0 (WIM TOJBKO OJIHY) M3 HHUX 3aMEHUTh Jpyroil OECKOHEYHO MaJloi, ei
SKBUBAJIEHTHOMH, TO ecThb, ecnu a(X)~a,(x) 1 B(Xx)~ B,(x) mpu X —a, To:

jim 2) _ iy 20 _ iy ) _ oy )
s f(x) o fi(x) o Bx) o i(x)
3ameuanue. 3aMEHATHh SKBUBAJICHTHOM BEJIMUYMHOW CIIaraeéMoe, BBIPAKEHUE MO 3HAKOM
norapudMa WK BEIpAXKECHHE, CTOSIIIEE B TIOKA3aTeNle CTETICHH, HEJIb3s, TO MOYKET MIPUBECTH K
OIITNOKE.
Ceoiicmso 2. Ecmu a(x)~pA(x) npu x—a, f(x)—a npu x —b, 10 of f (x)]~ B[ f(x)]
npu x —b.
Csoticmeo 3. Ecnm a(x)~p(x) mpu x> a, 1o [e(xX)['~[A(x)]' npu x —>a, n=0,
6. 3ameuaTeabHbIe peaeabl. Yucjio €
Bo MHOTHX CiTydasx BRIYUCIICHHE MPECIOB OCYIIECTBISETCS C TIOMOIIBIO CISTYIONINX
JIBYX 3aMEYaTeNIbHBIX MMPEJIEIIOB:

1. lim "X _4

x—0 X

2. lim (1+£) =e
X—00 X

Yucno € ecTb uppanoHaIbHOE YHCII0, 3HaY€HHE KOTOPOTO C TOYHOCTHIO JI0 IIECTOU
3Hayvamieit mupper: € =2,71828.
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Yacro HCIIOJIB3YIOTCA TAKIKC CIICAYIOIIHUC ITPCACIIbI, ABJIIOINUCCA CICACTBUCM BTOPOIO

3aMeuaTesIbHOTO mpezena (popMysl 2):
1

2.0) lim (1+ X)*=e

2.4) Iinge “1
X—> X
2.2) IimM=l
x—0 X
_at - . (1+x) -1
23) lim2 ! ha 2.5) |Im%=a
x=0 X x—0 X

[Ipu x — 0 UMEIOT MECTO CIEAYIONIHE COOTHOIIEHUS SKBUBAJIEHTHOCTH:
sinx~x; tgx~X; In(1+x)~x; arcsinx~x; arctgx ~x ;

(@*-1) ~ x-lna, (a>0,a#1); (e*-1)~x; (1+x)*—1~ax.
o . 1-cosx)- x
IIpumep. Hautu lim ( _ ) —.
x>0 arcsin 2x-sin® 5x
Pewenue. OyHkuus, crosimas TMOJ 3HAKOM TIpejesia, MpeACTaBiIseT coOoi

0

OTHOLICHHUC IBYX OCCKOHEYHO MaJIbIX, T. €. HUMCCT MCCTO HCOIIPCACICHHOCTDb BHU1a 6 . BHauane

5 X
MIPUMEHUM TPUTOHOMETPUUYECKYIO (popmyITy: 1—cos X = 2sin? >

[TomyyuM npenaen cieayrnero Buaa:

. X
2sin® = - x
jim _(L=C0sX)-X —[9)=Iim 2

w0 arcsin2x-sin?5x  \0) x0 arcsin 2x-sin?5x
Bocnonbs3yemcst ClieayomuMy S5KBUBAJICHTHOCTAMU Ipu X — 0

x (x) x
sin?Z~| = | == arcsin 2x ~ 2x; sin? 5x ~(5x)* = 25x?.
2 \2 4
[Tomyunm
L, X x?

_ 2sin on 0 _ ZoZ'x 1 W1

lim - ———=|— [=1im 5= Adim — =,

x>0 arcsin2x-sin“5x  \0) x50 2x-25x" 100 x>0 Xx° 100

7. IloHsiTHE IPOU3BOIHOM

JIBa Bompoca: 1) 0 HaxOXJIEHWU KacaTeIbHOM K MPOM3BOJBHOW JUHUHU, U 2) O
HaXOXJIEHUHU CKOPOCTH IpPH TPOU3BOJBHOM JBHWKEHUH, MOCIYKUIM HMCTOUHUKOM
auQdepeHInaIbHOT0 UCUYUCIIEHNS. DTH BOIIPOCHI IPUBEIU K PELICHUIO 33Ja4l O HAaX0XACHUU
ms 3ajaHHoi (yHkmum f(t) mpyroit dymkumuu f'(t), HasBaHHON 3aTeM npouseodHol U
IpeCTaBIsIonIei co00i ckopocmo usmenenus Gynkyuu f(t) OTHOCHTETBHO apryMeHTa t.

[Iycte GyHKms y= f(x) onpenelieHa Ha HEKOTOPOM MHOXeCTBe X, XeX — Kakas-
100 TOYKA M3 ITOr0 MHOKECTBA. 3aJaluM NEPEMEHHOM X mpupatieHue A x. Toraa QyHKuus
y = f(X) TOJNy4nT IpUpanieHure Ay, paBHOE

Ay = f(x+Ax) - f(x).
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IIpouszeéoonou dyHkimu f(x) B Touke XeX Ha3bBaTCS TNPEAET OTHOIICHUS
OCCKOHEYHO MAajioro NpHpamnieHuss (QYHKIHH Ay K OCCKOHECYHO MAajoMy IPHUPAIICHUIO
NEPEMEHHOM A X TIPHU YCJIOBHH, UTO A X CTPEMHTCS K HYJIIO

£100) = lim &Y jjm f &)= ().

AXx—0 AX =0

3amMeTHM, YTO ITOT MPEae caM sBIsIeTCs (QyHKIUeH aprymenta X. Takum oOpaszom,
npou3BoaHas f(x)— 3T0 HekoTopas apyras GyHKIus oT X. O6o3Hadaercs f'(x) wmm y'.

Ilpumep. HaitiTu mpou3BoaHYIO0 PYHKIIUK Y =COSX .

Pewenue. Ay =cos(x+ AX)—cosx = —Zsin(x + %}sin % , TOrIa

. AX . AX
25msm(x+j sin& Ax
y'=lim| - = —lim ——2 lim sin[x+—j:—sinx.
Ax—0 AX =0 AX  Ax—0 2
2

[Tonyuunu: y =(cosx)’ =—sinx.
Cama oneparusi HaxX0XJACHUS IPOU3BOIHBIX HA3BIBACTCS Oughghepenyuposanuem.
8. IIpaBuiia HaX0KACHUSA IPOU3BOIHOM
Ecin C — nmocrosiHHAas BenmmduHa B QyHKIEH U=U(X), V=V(X) HIMEIOT MPOU3BOJIHBIC, TO
CIIPaBEJIMBBI CIEAYIOUIME MTPABUIIA HAXOXKIEHUS MPOU3BOIHBIX.
IIpasuno 1. [Ipon3BoaHast NOCTOSTHHOM BEJIMYMHBI PaBHA HYJIIO:
C'=0.
IIpasuno 2. I10CTOSAHHBI MHOKUATEIIb BBIHOCUTCS 33 3HAK MPOU3BOAHOM:
(Cu) =C-u’.
IIpasuno 3. [lpousBogHas anredpanyeckoi CyMMbl (PYHKITMI paBHa anreOpanyecKkomn
CyMME UX ITPOU3BOIHBIX
!
(Uxv) =u'+V'.
Ilpasuno 4. TlpousBomHas TpoOW3BEACHUS JBYX (YHKIMHA paBHA CyMMe
MPOU3BEICHUHN KKI0M X ATUX (PYHKIUI Ha MPOU3BOHYIO APYTrOn
’
(u-v) =uv+uv'
Ilpasuno 5. IlpousBogHas 4acTHOro ABYX (GYHKIIMH paBHA ApOOH, y KOTOPOU
3HAMEHATENIb PABEH KBaJpaTy [EIuTEeNsl, a YHCIWUTENb PaBEH Pa3HOCTH MEXKIY

MIPOM3BEICHUEM JEIUTEN Ha MPOU3BOJHYKO JIEIIMMOIO M IPOU3BEACHUEM JIEIMMOIO Ha
MIPOU3BOJHYIO JIEIUTENS

!

(Ej _UVow L),

v v
Ecnu nepemenHast GyHKIMU, B CBOIO OYE€pENb, SBISIETCS HEKOTOPOH (hYHKLIMEH, TO
TOBOPST, UTO ONPEIEIICHA CIOHCHAS (DYHKYUSL:
y = flu(x)].
[Tpu 5TOoM yHKIHMIO f(U) HA3BIBAIOT 6HewH el GyHKyuell, GYHKIUIO U = u(X) TIPH 3TOM

Ha3bIBAIOT NPOMENCYMOUHBIM AP2YMEHMOM, NPOMENHCYMOUHOU NEPEMEHHOU UTU BHYMPEHHEl
@yHKyuel, X — He3a8UCUMOLL NepemMeHHOU.
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Tak, nanmpumep, (yHKOHS Yy=sinx sBIgeTCS TPOCTOM GyHKIHEH, a (yHKIUS
y= sin(x3 + 2)— CII05KHOMU. [IpoMEKYTOUHAS TIEpEMEHHAst B 3TOM Cliydae: U= X’ + 2, BHENIHEH

sBisieTcst GyHKIms f(u)=sinu.

IIpasuno 6. [IponsBoaHas ClI0KHOW (PYHKIIMM paBHA TPOU3BOIHON BHEIIHEH (HYHKITUU
0 MPOMEKYTOUHOMY AapryMEHTY, YMHOKEHHOM Ha NPOHU3BOJHYIO IPOMEKYTOUYHOIO
apryMeHTa 110 HE3aBUCUMOM NIEPEMEHHOM:

(F[uG)T) = £, (u00)-u; (9.
9. [Ipou3BoaHbIE OCHOBHBIX 3JIeMEeHTAPHBIX PYHKIUI (TA0IMLA MPOU3BOAHBIX).
[Ipu HaxOXIEHUU MPOU3BOAHBIX PA3TUYHBIX (YHKIMI HCHOJB3YIOTCS MpaBUiia
HAXOKJEHUS TTPOU3BOAHBIX M (POPMYIIBI MTPOU3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITHIA
(TabnuIIa MPOU3BOIHBIX).

Tabruya npou3800HbIX

1. (x”)' =n-x"", 10. (arcsin x)’ 1 .
(n—nocrosiHHAs) ’ 1_1)(
2. (aX)! —a*-Ina 11. (arccosx) =- —
3. ()=¢ 12. (arctgx) =T
4. (log, x) = L +X1
xIna 13. (arcctgx) =———
1 1+x
5 (lnx) ==
X 14. (shx) = chx
6. (sinx) =cosx 15. (chx) _th
7. (cosx) =-sinx 16. (t) =
i 1 X
8. (tgx) =— 1
cos’” X 17, (cthx) -
9. (ctgx) =—— S
sin? x

Ipumep. HaiiTi mpon3BoAHYIO PYHKIIMHU y =5+ 3x” - arcsin X + \/g_):(

Pewenue. Brauaiie BociosibzyeMcs IpaBuiioM U GepeHIIupOBAHMS CyMMBbI (DYHKIIHIM,
3aTeM Ccpa3y K€ HaiieM MPOU3BOIHYIO MEPBOTO CIAraeMoro, yYuThiBas, 4To C'=0 (ciemyer
U3 mepBod TabmuuHOM ¢dopmyibl mpu N=0 WIM U3 TEPBOrO IMpaBUja HAXOXKIACHUS
MIPOM3BOJIHOM). BO BTOpOM cjaraeMoM BBIHECEM ITOCTOSHHBIH MHOXHUTeIh C=3 3a 3HaK
MIPOU3BOHON U MPUMEHHUM IMPABUIIO IPOU3BOIHOM MTpou3BeieHUs ABYX GyHKIMA. B TpeThem
cllaraeéMoM HCIIOJNb3yeM MpaBmwio auddepenimpoBanrs 4actHoro aAByx (ynkiuit. [locne
ATOTO MPUMEHHUM TaOJIUYHBIC (DOPMYITBI (nepByro JNECATYIO U z:eB;ITyfo)

"= 5+3x2-arcsinx+%j = 5' 3x? arcsin x ( gx]

=0+3- [(xz)! -arcsin x + x* - (arcsin x)'} + (ct90) -\/Z/%)itgx (‘/;) -
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JX  ctgx
2 T ) .
X 42N X 2Vx _ 3x-| 2arcsin x+ —— _Zxesin X i
V1-x? X 1—x? 2xy/x -sin? x
_ 2x+sin’ X ctgx

Omeem: y =3x:| 2arcsinx+—— —
V1= x2 2x+/X -sin? x

Ilpumep. HailTu npon3BoHyI0 QYHKIHH Y = (arcsin Jx )3.

= B(ZX arcsin x +

Pewenue. Oynkuus y = (arcsin &)3 SIBIISICTCS CJIOKHOW CTETIeHHOW (PyHKIUeH y=u®,
rjle NPOMEXYTOUHAsi TepeMeHHasi U =arcsin/x, B CBOIO O4YEpElb, TAKKE €CTh CIIOKHAS
dyHkus u=arcsint, E€ mpoMexxyTouHas nepeMeHHas: t = +/x . [1o3ToMy BHauane IpUMEHIM
NEPBYIO TAOIUYHYIO MPOU3BOAHYIO MPU N =3, YUUTHIBAS MPABUIIO HAXOXKICHHS TPOU3BOTHON
CIOKHOU (YHKIMHU. A I8 HaXOXIEHUS u’ 3aTE€M BOCIHOJIb3YEeMCSl JECATOM TaOIUYHOM
dopMysioil (YUUTBIBas TakkKe NPABWIO HAXOXKJIEHUS INPOU3BOIHOM CIOXHON (PYyHKIHN).
BuyTpeHHell (pyHKIME B 3TOM Cllydae CIyKMT GyHKIHUS t = /X .

y'= [(arcsin ‘/;)SI = 3'(ar05in \/;)2~ (arcsin \/i)’ :3~(arcsin &)2. J‘/_(;\/_L)Z _
1-Wx

1
o i S-St )

L 3-(arcsin \/;)2
Y= 2. Ix(1-x)
10. I'eomeTpuyeckuii cCMbICJ MPOU3BOAHOMH. Y PaBHEHUSI KacaTeJIbHOH U HOPMAJIH
K KPUBOM
C reoMeTpuYecKOd TOYKM 3peHus GyHKIus y = f(x) ompemensieT Ha IIOCKOCTH
HEKOTOPYIO KPUBYIO. Venosoti koapguyuenm xacamenvHoil K 3TON KPUBOM C TOYKON KacaHUs
M, (X,, f(X,)) (MJIH, 4TO OZIHO M TO K€, TAHT€HC yIJIa HAKJIOHA KACATENILHOM K MOJIOKUTETBHOMY

Omeem:

HarnpasJeHuo ocu OX ) pasen npouzeoonou gynkyuu y = f(x), GbIUUCTIEHHOU 6 MOUKE KACAHUSL

(puc. 1).
B 9TOM U 3aKJII09AETCS 2eoMempuiecKuil CMblCl npoussooHoll: K =tgp = '(x,).

A
y
y=f(x)
«— KacamenvbHas
M,
¢ >
A X
Puc. 1
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Vpasnenue xacamenvnoti k rpadhuxy GyHKIwH y = f(x) ¢ Toukoii kKacauus M,(x,, f(x,))
MMeEET BHUI:
y— )= (%) (x=x).
Vpaenenue  nopmanu  (npsMoi, mpoxomsmied  dyepes  TOYKY M, (x,, f(X,))
MEPIIEHIUKYIIIPHO KacaTellbHOM) OyIeT TaKuM:

y-f(&):—ﬁxo)-(x—xo).

IIpumep. CocTaBuTh ypaBHEHHE KacaTelbHOM K rpaguky ¢ynkmmu y=x*(x-1)° c
TOYKOM KacaHusi M, (2;4).

Pewenue. Haliném npon3BOIHYIO 3a1aHHON (DYHKLIMH

y = [xz(x—l)z]’ =y =(x*)" (x=17 +x2. [(x—l)z]’
v = 2x(x —1F +x* - 2(x=1)-(x-1), y'=2x(x—1) +2x*-(x 1)
y(x)=2x-(x=1)-(x=1+x),  y'(x)=2x(x-1)2x-1).
Beruucinum npon3BOJHYIO B TOUKE KaCaHUs, TO €CTh IIPU X, = 2
y'(x,)=y'(2)=2-2(2-1)-(2-2-1)=12.
Bocmosnk3yeMcst  Tenepb  ypaBHEHHEM  KacaTellbHOW IpH X, =2, f(x,)=4,
f ’(Xo ) = yl(xo) =12:
y—f(%)=f0%)(x-%) = y-4=12-(x-2)
y—4=12x-24, y=12x-24+4,y=12x-20.

Omeem:. y=12x—20.

11. ®u3n4veckuii CMbICJ MPOU3BOIHOM

Eciu npsaMosuHeiiHoe IBUKeHHe MaTepHalbHOM TOUKH onpesienseTcs 3akoHoM S = S(t)
,TJe t —BpeMs, S — IMyTb, IPOHIEHHBIH 3a BpeMs t, To Tpom3BoHas S'(t) BeIpaxkaeT cxopocmb
ATOTO OBUNCEHUSL:

V()= S'(t).

12. TIpou3BoaHbIe BHICHIUX MOPSIAKOB. PU3HYECKHUIT CMBIC/I IPOU3BOHOI BTOPOI0
nopsiAka

[pousBoaHyto Y QYHKIHMK Y= f(X) HAa3BIBAOT NPOU3BOOHOU NEePE020 NOPSOKA ULU
nepeotl npouzeooHol 3ajanHon pynkuuu. [IlponsBoaHas nepBoro nopsiaka, B CBOK o4epe/ib,
TaKXke sBiIseTcs HeKoTopor (yukiuei. Ee Takke moxkHo nuddepenmupopats. [Ipon3BoaHyo
OT MPOU3BOAHON MEPBOTO MOPSAJKA HA3BIBAIOT HPOU3BOOHOU 8MOPO2O NOPAOKA VI 8MOPOL

2 ,
npou3600HOL NCXOAHOM QyHKIMHU y = f(x). O6o3HauaroT y”, f"(x) wiu sz oy =(y).

AHaJOTHYHO OIIPpCACIIAIOTCA ITPOU3BOIHBIC 1 0o0J1€€ BBICOKHX IMOPAOKOB:
ym — (yﬂ) ’ yrv — (ym) el y(n) _ I:y(nfl)] )

3ameuanue  (Quszuueckuii  cmvlcl  nPoOu3BOOHOU — 6mopoz2o  nopsaoka). Ecnu
NPAMOJMHEHHOE JBIKEHNE MaTepHaIbHON TOUKH OmpesenseTcs 3akoHoM S =S(t), rae t-—

BpeMs, S — MyTh, IPOIICHHEIH 3a BpeMs t , TO IepBast mpou3BoaHas S'(t) BeIpakaeT CKOpPOCTh
3TOTO JBIKEHHs. Bropas mpomsBomHas S'(t) xapakTepusyer yckopeuue 5mo2o O8udiceHusl

a(t)=s"(t)=V'(t)
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13. IIpaBuio Jlonurans

. . 0
IIpasuno Jlonumans (nepewvlii ciyuail: packpvlmue HeonpeoeieHHOCu 6). [Tycts

bynkuun y=f(x), y=9(x) audpdepeHuupyeMbl B HEKOTOPOM OKPECTHOCTH TOYKH a@, 3a

UCKJIIOUEHHEM, OBITh MOXET, CAMOM TOYKH &, Ie 8 — KOHEUHOEe YK CIIo Uiy oo. [Iycth mpu X—a

00e yHKuuK ctpeMarcs K vy o: lim f(x)= lim g(x)=0. Toraa, eciu CymecTByeT KOHEYHBIi
X—a X—a

f') f(x)

WM OECKOHEYHBIN mpeien lim— =", TO CyIeCTBYET TakkKe U lim ——=, npu4eM CIpaBeInBO
x-a (X) x—>a g(x)
f(x)

i im T %)
paBeHCTBO: lim—— =lim—-=<.
oa g(x) a2 g'(x)

~ ~ [©¢]
IIpasuno Jlonumans (6mopou ciyyaii: packpvimue HeOnpeoeieHHOCmu — ).
(e 0]

IIycte dynkmun y=f(x), y=9(x) auddepeHuupyeMpl B HEKOTOPOH OKPECTHOCTH
TOYKH @, 38 UCKIFOUECHUEM, OBITh MOKET, CAMON TOUKH @, TIJI€ @ — KOHEYHOE YUCIIO MU 0.
[Tycts ipu X—a 00e GyHKIHMU cTpeMaTes K 6eckonednoctu: lim f(x)= lim g(x)= . Torxa,

X—a X—a

')

€CJIM CYLIECTBYET KOHEUHBIA MJIM OECKOHEUHBIN mpenen lim , TO CYLIECTBYET TaKXKe U

x—a g’(x)
. f(x)
lim ——=, mpuyeM CIIpaBeJINBO PABEHCTBO:
x—a g(x)
- f(x) . f(x)
lim——=lim—-—<.
x—a g(x) x>a g (x)
. . Inx
IIpumep 1. HaliTu npenen lim ——.
x->+0 |n sin X
. o0
Pewenue. Vmeer mMecTo HeONpenenéHHOCTh — . MOXHO TNPUMEHUTH MPABUIO
o0
(In x)
. In x o0 . In x . sinXx
Jlonuransa:  lim ———=| — |=lim ———=lim =1.
x>0 nsinx \oo) x>0 (Insinx)’ x>+ XCOS X

3ameuanue 1. B ciydae HE0OX0IUMOCTH TIpaBUiIO JIoMUTaIsT MOKHO TIPUMEHSIThH

ITIOBTOPHO:
im lx) = [guﬂufj =lim f”(x) = (guﬂu fj = lim f:(x) .
x—a g(x) 0 0 x-a g (X) 0 00 x-a g (X)

14. Bo3pacranue u yobiBanue pyHKuu. J[ocTaTouHOE yCJI0BMEe MOHOTOHHOCTH

®Oyukius f (X) HaspIBaeTes 6ospacmaroweti (yovisaiowetl) Ha poMexyTke (a,b), eciu
f(x2) >f(X1) mst Bcex a < X3 <Xz < b (wmu cootBercTBeHHO T (X2) < f (X1) st Becex @ < X1
<Xz <h).

Bospacratoniue u yobiBatoniye GyHKIHMHA HA3bIBAKOTCS MOHOMOHHbIMU.

Heobxooumoe ycnosue monomonnocmu. Ecnu nuddepenumpyemas Ha TPOMEKYTKE
[a,b] byskums f (X) Bo3pacTaer (yObIBaeT), TO Ha STOM POMEKYTKE

f'x)>0 (f'(x)<0).
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HHocmamounwiii npusnax monomonnocmu. Eciu dynkius f (X) HenpepbIBHA Ha OTpe3Ke
[a,b], Ha mpomexyTke (8,b) nmeeT monox)uUTENBEHYIO (OTpPHUIIATEIBHYIO) Tpon3BOIHYIO f ' (X),
to pyukmus f (X) Bospacraer (yObiBaeT) Ha [@,b].
15. DkcTpemymbl (pyHKIIUM OJHOM NEepeMeHHOM
Touka M,(x,, f(X,)) Ha3bIBa€TCA TOYKOW JOKAbHO20 Makcumyma (Munumyma)
byHKImN y = f(x), ecim A1 BCeX X U3 HEKOTOPO#M IMPOKOIOTOM OKPECTHOCTH X, BBITTOIHSIETCS
HepaBeHCTBO f(x)< f(x,) (f(x)> f(x,)).
JlokanbHbIE MAKCUMYMbI 1 MUHUMYMbI Ha3bIBAIOT IOKATbHIMU IKCIPEMYMAMU.
CnoBO «JIOKAIbHBIM» O3HAYACT «MCCTHBIN». I JeMCTBUTEIIHHO, MOXKET
OKa3aThCsl, 4YTO 3HA4YeHUE (YHKIUU B TOYKE CBOETO KAKOTO-TO JIOKATHLHOIO MaKCHMyMa
MCHBIIIC, YeM 3HAUCHHE ITOH ke (PYHKIHH B TOYKE CBOETO KAKOT0-TO JIOKAJTbHOIO MUHUMYMa.
3ameuanue 1. Tlpu wuccienoBanun (QyHKIMHA HA DKCTPEMYM TOYKAMH 3KCTPEMyMa
yI00HO Has3bIBaTH HE caMu TOYKH M, (x,, f(X,)), pacmonoxkeHHbie Ha TpaduKe, a JIUIIb MX
a0cuucchl X,. [I03ToMy B abHEHIIIEM U3JI0KCHUH OyIeM MPHUICPIKUBATHCS TAKOTO MOIX0/IA.
Heobxooumoe ycnosue sxkcmpemyma. B Touke JTOKaIbHOTO YKCTPEMyMa MPOU3BOIHAS
f'(x) paBHA HyJIO, €CJIM OHA CYIIIECTBYET U KOHCUHA.
Touku, B KOTOPHIX f'(x) paBHA HYJT0, 0ECKOHEYHOCTH WJIH HE CYIIECTBYET, HA3bIBAIOTCSI

Kpumuieckum moukamu (TOYKaMu BO3MOKHOTO 3KCTPEMYMa).

3ameuanue 2. DyHKIUSA MOKET UMETh IKCTPEMYM TOJIBKO B KPUTUYECKON TOUYKE, HO HE
B JIIO0OM KpPUTHUYECKOW TOYKE (DYHKIMS MMEET dKCTpeMyM. PemmTs Bompoc o ToM, OyaeT
JaHHasl KPUTUYECKAsl TOUYKA TOYKOM SKCTpEMyMa MM HET, MOKHO € MMOMOIIBIO JJOCTATOYHBIX
YCJIOBHI.

Ilepsoe docmamounoe ycroseue sxkcmpemyma. Ilycts f(x) B HEKOTOpOU

OKPECTHOCTH KPUTHIECKOU TOUKH X, HMEET MPOU3BOIHYIO, 38 HCKIIFOYCHUEM, ObITh MOXKET,
caMoOil TOYKHM X,. ECIM TpH Iepexoje CleBa HAmpaBO Yepe3 KPUTHIECKYI0 TOUYKY X,
npou3BoaHas f'(x) MEHSIET 3HAK, TO B TOUYKE X, QyHKIUS f(X) MMEET JIOKAIbHBIN IKCTPEMYM.

Nmenno: ecnu f'(x) MEHSET 3HAK C IUIOCA HA MUHYC, TO B TOYKe X, QyHKIms f(X)
MMeeT JIOKaIbHbIA MakcuMyM (Max), ecrm f'(x) MeHsAET 3HAK ¢ MHHYCa Ha IUIIOC, TO B TOUKE
X, — TOKQJIBHBIA MUHEMYM (min).

Ecnu npu nepexone yepe3 KpUTHUECKYI0 TOUKY IPOU3BOJHAsA 3HAK HE MEHSET, TO B
ATOM TOUYKE IKCTPEMYMA HET.

Bmopoe Odocmamounoe ycroeue noxaabnoco s3kcmpemyma. Ilycts
¢GyHkims f(x) B OKPECTHOCTH KpPUTHYECKOW TOYKH X,, B KoTopou f'(x)=0, mmeer

HEMPEPhIBHYIO BTOPYIO mpousBomHyto f’(x). Torma eciu f”(xo)<0, TO X, €CTb TO4YKa
JIOKaJBHOTO Makcumyma OyHKmuu f(x), ecam  f'(x,)>0, TO X,—TOYKA JIOKAJIBHOIO

MHUHHMYMA.
Tpemve OdocmamounHoe yclogue JLOKALbHO20 9Kcmpemyma. Ilycth
¢GyHkuust f(x) B HEKOTOPOI OKPECTHOCTH TOYKU X, UMeeT mpou3Boaubie f'(x), f"(x), f"(x)

yerry TP (X) ¥ B TOUKE X, HEMPEPHIBHYIO TIPOU3BOHYIO N-T0 Topsiaka f"(x, ). [Ipuuem
f'(%)=0, f"(xo)=0, £"(x)=0,....,f "?(x,)=0, ™ (x,)=0.
Torna:
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1) ecnu N—YeTHOE YHUCIO, TO B TOYKE X, QYHKIUS f(x)AMEET 3KCTpEeMyM, a MMEHHO:
makcumyM 1ipu @ (x,)<0 u muaumym npu @ (x,)>0;
2) eciu N—HEYETHOE YKCJIO0, TO B TOUKE X, PYHKIIUSA SKCTpEMyMa HE UMEeT.
Cxema uccnedoanus QyHKYuU Ha IKCMpemym
1. Haiitu o6macth onpeneneHus pyHKITUH.
2. HaliTu KpuTHYECKHE TOYKH, KOTOpBIE JIEKAaT BHYTPU OOJACTH OMpeaeiIeHUs

(GyHKITUH.

3. Kaxmyro KpUTHUECKYIO0 TOUKY MCCIIEOBATh C MMOMOIIBIO OJHOTO M3 JOCTATOYHBIX
YCIIOBHUH JIOKATHHOTO AKCTPEMyMa.

4. Pe3ynbTaThl HCCIICNOBAaHUS OPOPMHUTH B TAOJIMILY MU HA YHUCIIOBOM MPSMOIA.

IIpumep. HaiiTi TOYKH JIOKATBHBIX 3KCTPEMYMOB QYHKIMH Y =3/1—Xx* .

Pewenue.
1. 3anmannHas QyHKIMS onpeesicHa Ha BCeM YMCIIOBOM IpsMoii: X € R.

o1 V-2 2X
2. Haxooum vy 25(1—X )3‘(_2)():_@.
2X

/1 x*f

1-x*=0 wim mpu x,=-1, X, =1 Yy He cymecrByer. OyHKIHMs Y OIpeAeieHa Ha BCei

Pemass ypaBHenue y'=0 wmm - =0, monydaeM x, =0. Kpome Toro, npu

YUCJIOBOM MPSIMOM, CJIeI0BaTEIbHO, BCE HAWICHHBIC TOYKHU SIBJISIIOTCS KPUTUUECKUMU.
3. Uccnenyem moodepenHoO KPUTHYECKHE TOYKHA C TTOMOIIBIO TIEPBOTO JOCTATOYHOTO
YCIIOBHSI JIOKQJIBHOTO 3KCTpeMyMa. /{7151 3TOoro onpenennm 3Haku y' cleBa U CIpaBa OT KaXA0u

KPUTHYECKOM TOUKH. Ecim —co<x<-1,T10 y'>0, ecmu —1<x<0, 10 y'>0;mmpu 0<x<1 y'<0
, Ipr 1< X <+o00 y' <0,
4. Pesynbrathl ucciieloBaHusi 0hOpMUM B BUE TaOJIUIIBI.

(~o0,-1) -1 (-1,0) 0 1 (1,400
+ 4 + 4 4 -
HET HECT

ma
P OKCT A . ~ JKCTp ~a
P .

3aMeTuM, 4TO pe3yIbTaThl UCCIETOBAHUS YIOOHO 0OPMIISTh U HAa YUCIOBOM TIPSIMOIA.
Omeem: OyHKIM BO3pacTaeT HA IPOMEXyTKax (—oo,~1), (-10); yosBaer Ha (01) n

(1’+°°); UMEET OAUH DKCTPEMYM VY, ., = Y(O) =1.

16. ®yHKIIMY HECKOJBKHX MEPEeMEHHbIX
Ecnu kax0ii Touke M(x,,X,,...X, ), IPHHAIEKAIIEH HEKOTOPOMY MHOXKECTBY €2

(T. €. KaXJ0My YyMOPSA0UYEHHOMY HAa0Opy M3 N NEUCTBUTENBHBIX YKCEN), MO KaKOMY - TO
3aKkOHy f CTaBUTCA B COOTBETCTBUE €IMHCTBEHHOE 3HauyeHHE U< R, TO roBopsT, 4TO Ha

MHOKECTBE Q ompeesieHa (0MHO3HAYHAS) (DYHKYUS N NEPEMEHHBIX Xy, X,,..., X, . O003HaUaI0T
TakK:
U=f(X,%,...x,) ©mH  U=U(X,X,,....,x,) #u u=f(M) mwm u=u(M).
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MHuoxecTBO QcR" HpU 3TOM Ha3bIBalOT obaacmeio onpedenenus (YyHKIUU
u=f(X,Xy,..., X, ).

Yame Bcero UCHONB3YHOTCS (QYHKIUMU JBYX M TpEX MEPEMEHHBIX, KOTOpHIE
0003HAYAIOTCsI, COOTBETCTBEHHO, z= f(x,y) WK z=1z(x,y) U u= f(x,y,z) wm u=u(x,y,z).
Obnacteio ompeneneHus (GYHKIUH ABYX IEPEMEHHBIX CIIY>)KUT HEKOTOPOE MHOKECTBO
IUIOCKOCTH, (YHKIIMM TpEeX TMEPEeMEHHBIX — HEKOTOpPOe MHOXECTBO TPEXMEPHOTO
npoctpancTBa. ['paduk QyHKIMU ABYX EPEMEHHBIX MPEACTABISAET COOO0 MOBEPXHOCTb.

17. YacTHbIe IPON3BOJAHBIE

Yacmuou npouzoonoi GyHKIMA U= f(X,X,,...,X,) TO OJHOW W3 €€ HE3aBHCHUMBIX

nepeMeHHbIX X, (i=12,...,n) Ha3bIBAETCs CIEAYIOIIast IPOM3BOIHAS

N im AU _ lim (X, Xy, eeny X+ AX, oy X )= U(X Xy X))
8Xi A%—0 AXi AX;—0 AX. .

1
[pupameHne A, U =u(X,,X, ..., X; + AX;.ce; X )=U(X, X0 X1, X, ) TIPH 3TOM  HA3BIBAETCS
YACMHBIM NpUpaujeHuem 3a0anHoll QyuKyuu no nepemennol xi. YacTHbIE IIPOM3BOJHEIE
ou
0003HAYAIOT TaK: o u, . OyHKIOHSA N TIEPEMEHHBIX HMEET N YaCTHBIX MPOU3BOIHBIX
i
IIEPBOTO MOPSIKA.
®DyHKIUS JBYX [EPEMEHHBIX z=12(X,y), B 4YaCTHOCTH, HMEET [IBE 4YacCTHbIE
IPOU3BOIHBIE IIEPBOTO IOPSAIKA: II0 IIEPEMEHHON X M IO IEPEMEHHOM Y . OHM OIPENEIIAIOTCS

pPaBCHCTBAMMU:
2 i A X MY)m2xy) G A 2y +ay)-2(xy).
OX M50 AX  Ax>0 AX oy N0 Ay A0 Ay

[Ipy HaxOXXJE€HUU YACTHBIX MPOU3BOJHBIX (PYHKIUN HECKOJBKUX MEPEMEHHBIX
MOJIB3YIOTCSI U3BECTHBIMU NPABUWIIAMH U popMynamMu JudpepeHnnpoBanus GyHKIUN OTHON
MEPEMEHHON U CIEAYIOIIHUM MPABUIIOM.

Ipu oughghepenyuposanuu ynkyuu HecKoIbKUX NepemMeHHbIX NO OOHOU U3 HUX 8Ce
O0CManbHble NepemMenHble Clledyem Cyumams NOCMOSIHHbIMU.
IIpumep. Haiitu Bce yacTHBIC MPOU3BOIAHBIC IEPBOTO MOPsiAka QYHKIMH Z = X°y° +¢e*.

Pewenue. 3anana QpyHkuus AByX nepemMeHHbIX. CuuTas Y TMOCTOSHHOW BEJIMYMHOU

(modTOMy BBIHOCS €€ 3a 3HaK IMPOM3BOJHONW B IMEPBOM CjlaraéMoM), HaxXOJUM YacCTHYIO

MPOU3BOAHYIO 10 IEPEMEHHOM X !
az i ' '
~ =(y* +er), =(y?), +(), =y®-5x* +e* =5x"y* +e”.
[Ipy HAX0XKAEHUH YaCTHOW MPOU3BOJHOM IO Y NEPEMEHHYIO X CUMTAIOT IOCTOSIHHOU

BEJIMUYMHOM:

oz 5.3 x) ' 5.3) " )’ 5 2 5.2
5:( y'+e )y :(x y )y +(e )y =x"-3y°+0=3xy".

[Ipon3BogHass BTOPOro CiaaraemMoro mo nepeMeHHou Yy paBHa HYJIIO KaK IIPOU3BOJIHAS
MMOCTOSHHOU BEJINUUHBI.

Omeem: & =5x"y® +e¥; a =3x°y?.
OX oy

YacTHble TPOU3BOIHBIE TIEPBOTO MOPSAAKA GYHKIIUNA HECKOJIBKUX IEPEMEHHBIX OOBIYHO
3aBUCAT OT TEX JK€ MEepPEeMEHHBbIX, 4To U cama ¢yHKuusg. [lodToMy uX Takke MOXKHO
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muddepeHnpoBaTh MO KaXJAOW W3 TMEPEeMEHHBIX. YacTHBIE MPOW3BOIHBIE OT YACTHBIX
MIPOU3BOAHBIX MEPBOTO MOPSIAKA HAZBIBAIOTCS YACHMHLIMU NPOUZBOOHBIMU 8MOPO2O NOPAOKA
3aJlaHHON (HYYHKITHH.

INEPEYEHb TEOPETHYECKHUX BOITPOCOB JIA IOAI'OTOBKH K
IK3AMEHY
Juneiitnaa anzeopa, ananumuueckas zeomempus, 6eKmopHas anzeopa

1. Onpenenurenu. CpolicTBa onpenenurencii. Brerumcnenue omnpenenuTens myTeM
Pa3NIOXKEHHUS 10 CTPOKE HIIA CTOJIOIY.

2. Martpuipsl. JInHeitHbie onepaiuy HaJl MaTPUIIAMU: CIIOKEHUE, BBIYUTAHUE, YMHOKEHUE
Ha 4yKclio. Y cnoBus ux BoiosnHeHus. [IponsBenenne marpun. CBoMCTBa onepanuii Haj
MAaTpULIAMH.

3. Paur wMarpumpl: ompeneieHHME W aJTOPUTM  HAXOXKJEHUS.  DIIeMEHTapHbIC
peoOpa3zoBaHUs MATPUIIBI.

4. CucreMbl JNHHENHBIX ypaBHeHWHl. llonstue pemenns cucrembl. COBMECTHBIE U
HECOBMECTHBIE CUCTEMBI. PABHOCUIIBHBIE CUCTEMBI.

5. Marpuna u pacmmpeHHas MaTpHlla CUCTEMbl JUHEHHBIX YypaBHeHHMH. MaTpuuHas
3aIIUCh CUCTEMBI.

6. HccnenoBanue cucteM Ha coBMecTHOCTh. Teopema Kponekepa-Kanenu.

7. Meton Kpamepa pemieHus cucTeM JIMHEHWHBIX YypaBHEHUIl: (OpMyJbl U YCIOBHE
IIPUMEHEHUS METO/A.

8. Cytp Mmeroma laycca. Ilpsimoit u oOpatHbiii xon. [lonstust o6mero W 4acTHOTO
PELIEHUN CUCTEMBI.

9. Bextopsl. KomnmuHeapHOCTh 1 KOMIUIAHAPHOCTH BEKTOPOB. JIMHEWHbIE onepanun Haj
BEKTOPaMU: CII0KEHUE, BEIYUTAHNE, YMHOKEHNE HA YHCIIO.

10.CkansipHoe TpOW3BEIEHUE JBYX BEKTOPOB, €ro CBOWCTBA, BBIYHCICHHUE B
KOOpAUHATHOM (opme. ['eoMeTpuueckue MNPUIOKEHUS CKAISIPHOrO MPOU3BEACHHUS:
BBIYMCJIEHUE YTJIa MEXKIY BEKTOPAMH, YCIOBUE MEPIIEHANKYISIPHOCTH BEKTOPOB, JJINHA
BEKTODA.

11.BekTopHOEe Tmpou3BEAEHUE JBYX BEKTOPOB: TMOHSATHE W CBOWcTBAa. Haxoxaenwe
BEKTOPHOTO IIPOM3BEICHUA 4Yepe3 KOOpPAMHATBI COMHOXHUTENEH. Bbluucienue
IUIOIIAIEH MTapalIeorpaMMa U TPEYTrOJIbHUKA Yepe3 BEKTOPHOE IPOU3BEICHHUE.

12.CkanspHoe mnpousBeleHUEe Tpex BeKTopoB. I[loHsTHe, CBoOICTBa, BBIYHUCICHHE,
PUIIOKEHUS K HAX0XKJIEHUI0 00bEMOB.

13.TIpsimas Ha TIJIOCKOCTU. Y paBHEHHUE MIPSIMOM, MPOXOASIICH uepe3 ABE 3a1aHHbIE TOUKH.

14 Tlpsimasgs nuHUS B TpocTpaHcTBe. KaHOHMYECKHME ypaBHEHHUS MPSAMOW JMHUU B
MPOCTPAHCTBE. Y PABHECHUS PAMOU, TPOXOASIIEH Yepe3 ABE 3aJaHHbIE TOUKHU.

15.1Tnockoctb. Ob1IEE ypaBHEHUE MIIOCKOCTH, BEKTOP HOPMAJIH. Y pPaBHEHUE MJIOCKOCTH,
IPOXOJSALIEH Yepe3 TPU 3aJaHHble TOUKU. OnpeneneHue yria Mexay IMIOCKOCTSIMHU.
VYcnoBus napaJyIeabHOCTH U MEPIICHIUKYIISIPHOCTH TIOCKOCTEM.

16.Bbluncienye yrioB MexXay IpsiMOi U TIIOCKOCThIO, MEXY ABYMs IPSIMBIMH, YCIOBUS
NapajuIeIbHOCTH U MEPIIEHANKYISIPHOCTH IPSAMBIX, IPSIMOM U TUIOCKOCTH.

Teopusa npeoenos. /lugpghepenyuanvrnoe ucuucnenue hynkuuii 00HoU u
HeCKOIbKUX NepemMeHHbIX
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17.0OKpecTHOCTh U MPOKOJIOTAask OKPECTHOCTh TOUKH. [IoHsTHE MTpenena PyHKIMH B TOUKE,
€ro reOMETPUYECKUNA CMBICI.

18.beckoHeuHo Masbie ¥ 0eCKOHEYHO OOJNBIINE BETMYUHBI, CBSI3b MEX Ty HUMHU. CBOMCTBA
0ECKOHEYHO MaJbIX (PYHKIIHA.

19.Apudmernyeckue CBONCTBA MPENEIOB: MPEIEI CYMMBI, MPOU3BEACHUS U YaCTHOI'O
byHKIMA.

20.PaznuyHble TUIIBI HEONpPEAENEHHOCTEH IMPU BBIYMCICHUHU IPENETIOB pallMOHAIbHbBIX
(YHKIIMI, METOJIbI UX PACKPBITHUS.

21.OkBuBajeHTHOCTh PyHKIMH. Teopema 0 3aMeHe SKBUBAJICHTHBIX BEJIMUUH 10| 3HAKOM
npenena.

22.1lepBrIii 3amedaTeNbHbIN peen. Tadauia OCHOBHBIX SKBUBAJIEHTHOCTEH, CBI3aHHBIX
C IIEPBBIM 3aMe€YaTeJIbHBIM ITPEIEIIOM.

23.BTopoii 3aMeuaTenbHBIM TMpezeNl, IKBUBAJEHTHOCTH, BBITEKAIOIIME W3 BTOPOTO
3aMe4yaTeIbHOrO Mpeaera.

24 TlonsiTue NPOU3ZBOMHOM (PYHKIMHM OIHOW TEPEMEHHOM, €€ TeOMETPUUYECKUI W
¢usnueckuii cmpici. Tabnuua nporu3BOAHBIX.

25.Teopema 0 IPON3BOAHON CYMMBI, POU3BEACHUS, YACTHOTO (DYHKITHIA.

26.[TonsTre 1 npuMep cioxHOW GyHKIKU. Teopema 0 MPOU3BOIHOM CIOXKHOU (PYHKITUH.
TaOnuia npou3BOIHBIX AJIS CIOKHBIX (PYHKIIMM.

27 .ITpon3BoJHbIE BBICHIMX MOPAAKOB. [IOHATHS M METOJBl HAXOXKICHHUS IPOU3BOIHBIX
BBICIIIMX ITOPSIJIKOB.

28.I1paBuiio Jlonurtans BEIYUCIEHUS IPEIEIOB.

29.Bo3zpacranue (yobiBaHue) GyHKIIMU Ha HHTepBajie. JlocTaTOYHOE yCIIOBUE BO3PACTaAHMUS
(yObiBaHus1) (YyHKIIMH HA UHTEPBAJIE.

30.ITonsTHE JIOKATBHOTO H3KCTpeMyMma (GYHKIMU OJHON mepeMmeHHoi. Heobxommmoe
yCIOBHE IKCTpeMyMa. J[0CTaTOYHOE yCIIOBHE SKCTPEMYMA I10 IEPBOM ITPOU3BOTHON

31.TTonsTre (YHKIMU HECKOJIBKMX TEpEeMEHHBIX. YacTHble MPOW3BOIHBIC (YHKIHH
HECKOJbKHX MEPEMEHHBIX, IPABUIIO UX OTHICKAHUS.
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