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B mocobuu mpuBeneHbl BapuaHThl 33JaHUIl KOHTPOJIBHOW paboThl Ne 2 miis
CTYACHTOB 3a04HOU (hopmbl 00yueHus: (MOJHBIA KypC) MO TeMaM, COOTBETCTBYIOIINE
0a30BOMY YpOBHIO M3y4Y€HHUs IUCLUUIUIMHBI «MaTemaTuka» BO BTOPOM CEMECTPE,
c(opMyIUPOBAHbI METOAMYECKHUE PEKOMEHAIMH 110 MX BBIMOJIHEHHIO. PaccMOTpeHsI
TaKKe€ 00pas3lbl peleHus BCEX 3aJaHUil M KpaTKHUE TEOPETUUYECKHUE CBEICHHS,
UCITOJIb3yEMbIE B 3TUX PELICHUSIX
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BBEJAEHHUE

Y4e0HO-MeTOIUYECKOEe TTOCOONE COACPKUT WHANBUAYAIbHbBIC 3a/laHUsl KOHTPOJIHHOU
paboThel Mo aucuuIUinHe «MaTemaTHKa» s CTYIACHTOB 3a04HOW (opMBI 0Oy4deHHS BO
BTOPOM CEMECTpE Ipu MOJHOM Kypce. TemaTuka 3amaHuil KOHTPOJIbHOM paboThr No2
OXBATBIBACT CIEAYIOIIME TEMbl AUCLUILIMHBI: HEONPEAECIEHHBIM UHTErPA, ONPENCIICHHBIN
UHTETpall, €ro MPUIOKEHHs, OOBIKHOBEHHBIC Iu(GepeHInaIbHble ypaBHEHUS, PAJIBI,
AJIIEMEHTBI TEOPUH BEPOSITHOCTEM.

Kaxxaplii BapraHT KOHTpOJbHOW paboThl BKitouaeT 14 3amanumii. IlpaBuno BeiOOpa
BapHaHTa C(hPOPMYIMPOBAHO B COOTBETCTBUM C HOMEPOM 3a4ETHON KHMKKU CTyJIEHTa. JTO
IPAaBUJIO NIPUBEACHO NMEpe]] 3aaHUIMU KOHTPOJIBHON pabOTHI.

B mnocoGum mnpencraBieHbl OCHOBHBIE TEOPETHUECKMMU IOJIOKEHHUSI U TMOHSITHS
(KOHCTIEKT JIEKIIHI1), COOTBETCTBYIOIINE OA30BOMY YPOBHIO U3YUEHUS JUCLMILTUHBI 10 TEMaM,
BKJIIOUYECHHBIM B 3aJJaHUS KOHTPOJIbHOUM paboThl No2, moapoOHoe perieHne U 0ohopMiIeHUE BCEX
3aJlaHUi KOHTPOJIbHOM paOOTHI.

Bb10op TeMaTHKM OCYIIECTBIIJICS HAa OCHOBE aHajM3a T'OCYJApCTBEHHOI'O CTaHAapTa
0a30Boil moaroToBku OakanaBpoB HampaBiaeHus 23.03.02 «HazemHble TpaHCIIOPTHO-
TEXHOJOTUYECKUE KOMIUIEKCHI.

[IpuBeneH CHHUCOK TEOPETUYECKUX BOIPOCOB Ui MOATOTOBKM K JK3aMEHY IIO
JUcHUIUINHE «MaTemMaTuka» 1Mo TeMaM, BKJIFOUEHHBIM B 33/IaHUs KOHTPOJIBHOM paboThl Ne2,
a TaKKe peKoMeHtyemast Jiyis 0oJiee IOJTHOTO U3YUYEHHs MaTepralla, a TaKkKe AJis MOATOTOBKU
K 9K3aMeHYy yueOHasl TuTeparypa.



METOJUYECKHUE YKA3SAHMS U 3AJTAHUS 1J1SI KOHTPOJIbHOM
PABOTDBI Ne2

Yeaoswcaemvie cmyoenmur!

JlJ11 KayecTBEHHOI'O0 OCBOEHUSI Y4eOHOro Marepuaja ITUCLUIUIMHBI «Marematuka» u
YCIIEITHOTO BBIMOJIHEHMS 3aJaHUl KOHTposbHON paboTel Ne2 Bam HeoOxoaumo, mpexjie
BCETO, M3Y4YUThb TEOPETHUUECKUMU MaTepuaj, 3aTeM pPacCMOTPETh M IPOAHAIU3UPOBATH
MpUMEpHI PEIICHUs MpaKTUYecKuX 3anad. B atom Bam momoryt pa3zoOpaThcsi ykazaHHbIEC B
HaIIeM ocoOoun MHPOPMAIIMOHHBIE UCTOYHHUKH, & TAK)KE MPUBEICHHBIA B MOCOOMH OUYEHB
KPAaTKU{ KOHCHEKT JICKIUU.

[Tocne 3TOro Bl MOKETE IPUCTYNATh K BBIIOJHEHUIO 3aJaHUM CBOETO BAPUAHTA.

ByabpTe BHMMAaTENbHBI K ONPEIETIEHUI0 HOMEpa Baliero BapuanTa. [IpaBuio ero BidOopa
JOCTAaTOYHO MIPOCTOE, OHO C(OPMYJIMPOBAHO MEPE 3aJaHUIMU KOHTPOJIBHON paOOTHI.

[Tpu camocTosITENEHOM pelieHnH 1 0(hOpMIICHUH 3aJaHuii Baliero Bapuanta Bam Oyner
MOJIE3HO MCIIOJIb30BaTh PACCMOTPEHHBIM B MOCOOMHM 00pasell BBIMOJHEHUS U OQOpPMIICHHUS
BCEX 3aJaHUIl KOHTPOJIbHON paOoThl. BBINOMHATE 3a1aHus 11€Ieco00pa3HO MO3TAIHO, 110
TeMaM.

B mocobum Ttaxke MpHUBENEHBI BOMPOCHI JJsl MOATOTOBKU K HK3aMEHY IO TEMaM,
BKJIFOUEHHBIM B KOHTPOJIbHYIO paboTy Ne2. WX u3yueHue peKOMEHIyeTcs HauyuHaTh MpU
BBIIIOJIHEHUH KOHTPOJIbHOW PabOTHI.

BapuaHTbl 3aJaHUI KOHTPOJIbHON PadoThI Ne2
Bapuant Ne n

Ilpasuno evibopa nomepa eapuanma KOHMPOIbHOU PadOMbl: HOMEPOM BapUaHTA
CITY)KUT YHCJIO N, paBHOE CYMME JBYX ITOCJICTHUX I (p 3a4eTHON KHIKKHU CTYJICHTA, €CIIH 3TO
He HOJb. Ecim ke nBe mociennue nudpbl HOMEpa 3a4eTHOM KHIDKKH CTyJICHTa HYJH, TO
cienyeT nojarath N=19.

Bo Bcex 3aianusax cBoero BapuaHTa BMECTO N HEOOXO0IMMO TTOACTAaBUTh HOMep Barrero
BapHaHTA.

3aoanue Nel
Havumu unmeepanwi.

1.1 _[((n+1)-x”—n-e")dx. 1.2 Ie
1.3 szo’”-lnxdx.

n+sin x

- COS X dX .

3aoanue No2
Buiuuciums onpedenennulii unmezpar
7
cos" x-sin2x dx .
0
3aoanue Ne3

Buiuucaums niowaoe niockotl gpueypul, oepaHuienHo TUHUAMU



1
y=n°x, y=0, X=¢€ u eunepbonou y=;.

3aoanue Ned
Buiuucnums 00vém mena, noayuennoz2o 6 pezyibmame 8pawjeHUsl NIOCKOU

Queypul, oepanuyeHHol napabool y:ﬁ , npamou X=N u ocvto abcyucce, 8OKpy2 ocu

abcyucc.
3aoanue Ne5
Haiimu obwee pewenue ouggepenyuanrvhoco ypasHueHus nepeoco nopsokd.
n. y’:x(1+ y2)
3aoanue Neb

Haiimu pewenue 3adauu Kowu Y =3X° + N, ecau y(l):

3aoanue Ne'l
Haiimu obwee pewenue oupgepenyuanvrozo ypasuenus > COS(39 B n)x :
3aoanue Ne8
Haiimu  pewenue oughgepenyuanvnoco  ypasuenus, yoosiemeopsroujee
VKA3AHHbIM HAYAIbHBIM VCA08UAM
y'—(n+1)y’+n=0,  y(0)=1y'(0)=
3aoanue Ne9

BbISICHUTD, BBITIOJIHSETCS JIM HEOOXOAUMBIN MPU3HAK CXOAUMOCTH. Eciii BO3MOXKHO, TO
CIeNaTh BBIBOJI O CXOJAUMOCTH psija.

91i

0

922

Tkn? +1 in-k"
3aoanue NelO
HccnenoBath CXOAMMOCTD PSIOB.
k+2n 'S (n+1)k
10.1 Z = 10.2 ;kskm 10.3 kZ; .
3aoanue Nell

n

" & (-1)

VccnieioBaTh  3HAKONIGPEMCHHBIH  psif ) ~—
n=

Ha aOCONOTHYIO (YCJIOBHYIO)

CXOOUMOCTBD.

3aoanue Nel2

k  (k-10)x o
e pas3yIOKUTh B CTCIICHHOU P IO CTEIICHIM X.

Oyukuuo f(X)= X

3aoanue Nel3



B nepBowm simuke (10+3n) mrapoB: 9 6enbix, ocTanbHbBIE YepHBIE, BO BTOpOM — 20
mapoB: 5 0enbix, 1 1cunaux u 4 yepHbIX. M3 Ka)KI0T0 SIUKa TOCTAIH IO OJJHOMY IIapy.

13.1 KakoBa BepOATHOCTb TOTO, YTO U3 MEPBOTO SIIMKA JOCTAIH YEPHBIH map?

13.2 KakoBa BepOsSITHOCTh TOTO, 4TO 00a mapa oenpie?

13.3 KakoBa BEpOATHOCTb TOTO, YTO OJMH U3 BBIHYTHIX IIAPOB OEIbIH, a Apyron
— YEpHBIN?

3aoanue Neld

Onpenenuts pP,, MaTEMaTHYECKOE OXKUIAHUE, AUCIEPCUI0 U CpPEIHEE
KBaJpaTUYECKOE OTKIOHEHHWE JUCKPETHOW CIyYalHOW BEJIIMYMHBI, 3aJaHHOU
caeayronie Tabnumen pacnpeaeneHus

X, 0 1 n+2
pi 0,7 pz 0,1

OBPA3EI BHIITOJIHEHUSI 1 O®OPMJIEHUS 3AJIAHU BAPUAHTA
KOHTPOJIbHOM PABOTBI Ne2

Oo0pa3sen 3agannii KOHTPOJILHOU PadoOTHI

3aoanue Nel
Haittn naTerpasr.
5+ X2 +3sinx
1.1 -[1+x2dx' 1.2 Ie“ -cos X dX .
1.3 '[XS-Inxdx.
3aoanue No2

Bprauciaute onpeenieHHbIi UHTETpall.
7

Icoss X -sin 2x dx .

0

3adanue 3
Beraucnuth mionianb miockor GUrypsl, orpaHUYCHHON JTUHUSMU ;

1
y=X, y=0, X=2wurunepbonou y=;.

3aoanue Ned
Berauciute 00bEM Tena, MONYYSCHHOTO B pe3yibTaTe BpaIeHUS IUIOCKON (DUTYpHI,

OrpaHUYCHHOU MapaboIIoil y = 2x —X° U OChIO a0CIIUCC, BOKPYT OCH OpJIMHAT.

3aoanue Ned
Hatitu obmiee pemenne nud@epeHnmanibHoro ypaBHEHUS IEPBOTO MOPSIKA
y-y = x(1+ yz).
3aoanue Neb

Haiitu pemenune 3agaun Komu 11st ypaBHeHHS Y = Y'cos’ X-Iny, eciu y(n) =1



3aoanue Ne7
Haiitu o61mee pemenne nuddepenmansHoro ypasaenus y” = 9cos3X.

3aoanue Ne8
Haiitu pemenne auddepeHnnaibHOro ypaBHEHHs, YAOBICTBOPSIONICE yKa3aHHBIM
HAYaJbHBIM YCIIOBUAM

1
y'-3y'+2y=0, {y(0)=0

3aoanue Ne9
BbIACHUTH, BBITIONHSAETCS JM HEOOXOAMMBIA TPHU3HAK CXOJUMOCTH IS 3aJaHHBIX
psanoB. Eciu BO3MOXKHO, TO CI€NIaTh BBIBO O CXOAMMOCTH psiioB. 9.1 Z F; 9.2 Z n?
n=1
3aoanue Nel0O
HccnenoBath CXOAMMOCTD PAIOB.
n+2 = n?+1 2 n
10.1 10.2 . 10.3 —.
z n+l’ HZ:;‘ n® nZ::; 3
3aoanue Nell
-y~
HccnenoBarh 3HAKOMEPEMEHHBIN  psif Z Ha a0CoJIIOTHYIO (YCIIOBHYIO)
n=l TN+ 2
CXOJIUMOCTb.
3aoanue Ne 12

DOyuknuo f(X)=xe* pasaoKUTh B CTEIEHHOM PSJI 110 CTEIEHSM X.

3aoanue Ne 13

B nepBowm simuike 20 mapoB: 12 6enbix u 8 yepHbIX, Bo BTopoM — 30 mapoB: 6 OenbIX,
15 cunux u 9 yepHbIX. M3 Kak10r0 SAIKMKA JOCTAIN 110 OJJHOMY IIapy.

13.1 KakoBa BepOSITHOCTh TOTO, YTO U3 MEPBOTO SIUKA JOCTAIN OENbIi 11ap?
13.2 KakoBa BepOSITHOCTh TOTO, 4TO 00a I1apa oenbie?

13.3 KakoBa BepOSITHOCTH TOTO, YTO OJWH M3 BBIHYTHIX IIAPOB O€JbIi, a IPyroun —
YEPHBIN?
3aoanue Neld
Onpenenuts P,, MAaTEMAaTUUECKOE OKHUIAHUE, TUCTIEPCUIO U CPEIHEE KBAAPATHUECKOE
OTKJIOHEHWE JIUCKPETHOW CIydyallHOM BEJNWYWHBI, 3aJaHHOM cieAyromied Talmauien
pacrpeeneHus

X, 0 1 2 3 4
p; 0,2 P, 0,1 0,1 0,3

Oo0pa3sen BbINOJIHEHUS 32JaHNH KOHTPOJbHOM PadoThI



3aoanue Nel
5+ x?
+x2

> dx

1.1 Haiimu unmezpan _[

Pewenue
C mnomompl0 MpaBWI JAEUCTBUS C ApoOAMH TpeoOpa3zyeM MOABIHTErPATbHYIO
GbyHKIHIO. 3aTeM BOCIOJIB3yeMCSl CBOMCTBAMH HEOMPESIEHHOTO WHTErpaja U MOTydYuM
JBa TAOJIMYHBIX I/IHTeraJ'Ia

5+ x? 1+x +4 1+x
J‘1+x o I 1+x? _I(1+x 1+xj

Omeem: X+4arctg x+C .

—x+4arctg X+C

2+3sinx

1.2 Haiimu unmeepan J.e cos x dx .

Pewenue
JIns1 HaXOXKJIEHUSI 3TOr0 MHTErpaja MPUMEHUM METO/J] 3aMEHbI IEPEMEHHOM.

2+3sinx=t . . .
_[ems‘” cos x dx = |3cos x dx = dt :—jetdt :get +C :éems"‘X +C.
CosS X dx:—t
3

1 .
Omeem: ge“s'“x +C.

1.3 Haiumu unmeepan Ixs Inxdx.

Pewenue

Bocmosns3yeMcsi METOI0M HHTETPUPOBAHHUS TI0 YACTSIM, MOJIOKHUB U =In X, x°dx = dv

' dx
U= Inx du=(Inx) dx =

_ X
J'x5|nxdx_ dV:XSdX:V:jdV:jXSdX:X_G
6

6 6
=" Inx- X—-%zx—lnx—ljxsdx=
6 6 x 6 6

1 1
Omeem: —xa(lnx——j+C.
6 6

3aoanue No2

4

2
~ 3 -
Bviuucaums onpedenennviii unmezpar Icos X -sin 2x dx
0

Pewenue



[TpeoOpa3yeM NOABIHTErpAJIbHYIO (DYHKIIUIO C IOMOLIBI0 (GOPMYJIBI Sin 2X = 2sin X COS X

oty *

Omeem:

T

0,4.

3areM INpUMCHUM MCETOA  3aMCHBI HepCMCHHOﬁ B OHpe,IICHéHHOM HHTCTpac

T

2 2
cos® x -sin 2x dx:jcos3 X - 25sin X - COS X dx=2jcos4 X-sin x dx =
0 0

cosx =t
—sinxdx= dt

A 0 50

_| sinxdx=-—dt :—2j.t4dt=—2't—| =_3(0_1)=E=o,4
mpux=0 t=1 1 5 5 5
T

mux=— t=0
PH2=5

3aoanue Ne3

Boruucnuts miomiaib miockor Gurypsl, orpaHU4eHHON JTUHUSMU:

1
y=X, y=0, X=2u runepbooii y=;_

Pewenue

Pazo6bem mgannyio purypy (puc. 1) Ha aBe yactu. O003HAYNUM HX IUIOMIAAN S; U S, ,
TOr/a Iomaas Bceil purypst S =S, + S,. Haiinem xoopauHaTel Toukud A

y=X _—
A 1:>{y2 = A(1;1).
y = X =1
/
Buaynt, g S; 0<x<1,
A mig S, 1<x<2,
____l. _____ °
// N\ yzl Haiinem mutomans Beeit GUrypsr:
/4 X T =~
/’ i X 1 2
] Sz S=51+SQ=IXdX+Id—X=
A0 X
> 0 1
1 X 1
2 2
=X +InXx =l+ln2.
1
-PHC Omeem: —-—1In2,
3aoanue Ned

Beraucnuts 00bEM TeNa, MOTYYEHHOTO B PE3yJbTaTe BPAIICHUS TUIOCKOW (UTYPHI,
OrpaHUYEeHHOU MapaboIoi y = 2X — X° U OChIO0 a0CIKCC, BOKPYT OCH OPJIMHAT.

Pewenue
10



3ananHas purypa uMeeT BUA:

v

Puc.2
N3BecTHO, 4TO 00BEM TeEla, MOJTYISHHOTO BpallleHuEeM BOKPYT OCH O X KPUBOJMHEHHOM

TpaleNy, OrpaHNYeHHONW KpuBoii Y= f(X) mpm a<x<b, BEMHCIAETCS MO CIEIYIOMICH
b
bopmyie: V= ﬂj[f (x)Fdx .

U3 ypaBHCHHS Y =2X — X* BBIpa3UM X. X —2x+y=0, X=

2+ Ja-dy . —
=Ly

JleBas BetBb mapa6Gonsr 0A onpenensercs ypapnenmem X =1-1-y , a npasas AB:

X=1+1-y.O0bEM 3a1aHHOTO TeJIa BpAIlIEHUs MOKHO pacCCMaTPUBATh KaK pa3HOCTh 00BbEMA
Tela, MOJyd4eHHOro BparienneM Bokpyr ocu Oy gactu npasoii BetBu AB mpu 0<y <1, u
Teja, IOIYYeHHOro BpaieHueM Bokpyr ocu Oy wactu nesoit Beteu OA mpu 0<y<1.

Torma V= ”ﬂ“ \/H]Zdy—ﬂﬂl—\/m]zdy == nﬂ1+ 2=y +1-y-1+21-y -1+ y|dy =
=4ﬂj\/1——y dy =47rj(1— y)e(-d(1-y))=

2 3t 8x 87
_4 '—'1_ = - 0—1 = —
w2 -yp] --Z0-1)-2
87
Omeem: 3 KyOMYECKUX €IMHHII.
3aoanue N5
Haiitu oO1iee penienne ypaBHeHuUs Y-y = x(1+ yz).
Pewenue
3amaHo ypaBHEHHE C pasJeisiomuMucs rnepeMeHHbiMu. [Ipeobpasyem ero, mosaras
y'=g—i. y-%:x-(1+y2) 150)0%1 ydy=x(1+y2)dx.

Pa3znenum 06e yacTu ypaBHEHHs Ha (1+ y2) Y IIPOUHTETPUPYEM.

ﬂyz:xdx: Lyzzfxdx
1+y l+y

11



J.ﬂ) J.xdx:>§In(1+y) X22+C

1y win  In(l+y?)=x*+C.

[Tomyuwm ob61iee pemerue (Miu o0 UHTETPa) 3aJaHHOTO YPaBHEHUS.

Omeem: In(1+ y2)= x> +C.
3aoanue Neb
= ' 2 —
Haiitu pemienne 3anaun Komm 15 ypaBHeHus y = y'cos® x-In'y . ecnu y(n) =1
Pewenue
b AL dy o

3aMEHHUM MPOU3BOJHYIO Y’ Ha w VT cos” x-Iny . YMHOXHUM 00€ 4acTu ypaBHEHUS

Ha dX: y dx = cos’x-In y-dy . Pa3nenum nepeMeHHbIC B JTaHHOM YpaBHEHHH, JICJIS €T0 00€ YacTH
2 . dx _Iny
Ha IIPOU3BEIECHUE Y -COS” X . dy.
cos’x vy

[Tounenno HHTerppr;I MOJIyYMM MCKOMBIN 001Iuii nHTerpa (olliee pemieHue):

I _Ilnydy+C tgx:jlnydlny+c, tgx:iln2y+C.
cos® X 2

[ToxcraBiss HavadbHBIC 3HAYCHHS X =7, Y =1, onpeaenum 3HaueHue C :

tgnzlln1+C, C=0.
2
1
CnenoBaTesibHO, HCKOMOE YaCTHOE PEIICHUE UMEET BUJ: tgX = Eln2 y.

1
Omeem: tgx= EIn2 y.

3aoanue Ne7
Haiitu o6mee pemenne auddepennuansHoro ypapaenus y” = 9cos3X.

Pewenue
ITocnenoBaTenbHO UHTETPUPYS 3aJaHHOE YPABHEHUE, OJTYUHM:

y"=9jc033x dx=%sin3x+Cl=33in3x+Cl,
y' =I(33in3x +C,)dx =—§cosSx+ C,X+C,=—c033x+C,x+C,,
y=I(— cosSx+C1x+C2)dx=—%sin3x+%x2 +C,X+C,.
3amMeHuM % na C; , obiee perenre OyaeT UMETh CIECAYIOIMIA BU/I:
y=—%sin3x+C1x2 +C,Xx+C,.

Omeem: y=—%sin3x+C1x2 +C,x+C,.

3aoanue Ne8

12



Haiitu yactHOe pemienune ypaBHeHUs Y"—3y'+2y =0, yJOBIECTBOPSIONIEE 33aJaHHBIM
y(0)=1
HaYaIbHBIM ycioBusaM 1 Y'(0)=0,

Pewenue
3anmana 3ana4ya Komm ass nuHeiRHOTO 0THOPOAHOTO MU depeHIINaTbHOTO YpaBHEHUS
BTOPOTO MOPSAKA C MOCTOSHHBIME KO3 uiinentamu.
Bnauane naiigem oOiiiee pelieHre ypaBHEHUSI.
y' =3y’ +2y=0=k?-3k+2=0=k, =1k, =2= y,, =C,e* +C,e*.
Wmenu ciydaid JE€WCTBUTENBHBIX PA3IMYHBIX KOPHEM  XapaKTepUCTUUYECKOTO
YpPaBHEHUS.

Haiinem Tenepb mpou3BoAHYIO MepBOro oodiiero pemenus. [locne yero Bocnonb3yemcst
HaYaJIbHBIMU YCIIOBUSIMHU JIJIsl HAXOXKICHUS 3HaUeHUN mocTostHHbIX C,C, .

Yo =C,e* +2C,e*

y(0)=1= (C,+C,=2 C,=4
y'(0)=0= {C,+2C,=0=C, =2

[ToxcraBisis HaliIcHHBIC 3HAYCHHS ITOCTOSHHBIX B 00IIEE PEIIEHUE, ITOJITyIaeM YaCTHOE
pelleHne, pelieHre 3aJanHoi 3agaun Komm: y = 4e* —2e,
Omeem:  y=4e* —2e*.
3aoanue Ne9
BbIsICHUTD, BBIMOJIHICTCS JIM HEOOXOAMMBINH IMPHU3HAK CXOMAMMOCTH IS 3aJaHHBIX
psanoB. Eciii BO3MOXKHO, TO ¢lieaTh BEIBOI O CXOAUMOCTH STHX PSIOB.

9.1 Zni 9.2 Zn
Pewenue

9.1 OOmuit unen psaga u, = n_12 Beraucnum ero npenen npu N—oo: limu, =lim iz =0

n—o0 n—o0 n
Heo6xoaumblii mpr3HAK CXOAMMOCTH BBITIOJIHICTCS, HO O CXOJIMMOCTH PsiJia BEIBOJ C/ICNIaTh B
TaKOM CJTy4ae HEBO3MOXKHO.
9.2 O6umii ygeH psaga U, =n°, BeIUMCAMM ero mpejaen limu,= =limn*=0=0,
n—o0

n—o0
H€O6XOI[I/IMO€ YCIIOBHUEC CXOJUMOCTHU JJIA OTOTO psaJia HC BBIIIOJHACTCA, CJICAOBATCIIBHO, PAL
pacxoauTcs.

3aoanue Nel0O

“n+2
10.1 UccnenoBarh CXOQUMOCTh psijia Zm .
n=1
Pewenue
n+2 n+2

OOt wieH psiia UMeeT BUI a,=——. Tak  Kak lim a, =lim——=1+0,10
n+1 n—>o0 noo n4+1

HCO6X0)II/IMO€ YCJIOBHEC HC BBIIIOJIHACTCA, CJICAOBATCIBHO, PAJ paCXOANTC M3-3a HAPYIHICHHA
HCO6X0)II/IMOFO YCIIOBUA CXOAUMOCTH.
13



Omeem:  psiJ pacXOJUTCA.

20N
10.2 UccnenoBath CXOIUMOCTD psiia 23_” :

Pewienue

_n+1

[Tpumenum pusnak Jlanambepa. a, = R a,., = E

| =lim G _ lim (n+1)-3 =lim n+l:%<1. Tak kak | <1, To psim CXOAUTCHI.

oo g n»o 3".3.n n—o 30

Omeem:  psill CXOIUTCS.

2
=n°+1
10.3 MccnenoBaTh CXOAUMOCTh psijia Z 3
n=1
Pewienue
2 2
o n“+1 n
[TpumenuM TIpu3HaK CpaBHEHHS B TIpeebHON Gopme: a, = T

00 1 o o
Tak kak psn ZH pacxoauTcst (rapMOHUYECKUN), TO M UCXOJIHBIN PSIJT PACXOIUTCS.

n=1

Omeem:  psia pacXOIUTCH.

3aoanue Nell
o, (1)
Z A

n=l 7N+ 2

HccnenoBarh 3HAKONEPEMEHHBIN Psifl Ha a0CcoMOTHYIO (YCIOBHYIO)

CXOJIUMOCTb.
Pewenue

)

OOmumii YIeH TaHHOTO psijia UMEET BU: A, = .
n+2

1. PaccMmoTpum BHavaise psiJi U3 aOCOJIFOTHBIX BEJIMYMH 3JEMEHTOB 3aJaHHOTO pAJa:

= 1
. [Tosyunnu yncaoBoM ps € NOJIOKUTEIbHBIMA WieHamu. Mccnenyem ero Ha
n=L 7N+ 2

1 1 2
CXOAUMOCTh. TaKk KaKk mpu N—>00 ———~— U psfl Z — pacxonautcs (rapMOHUYECKUI
n+2 7n n=L 7N

1 = 1
psl, YMHOXXEHHBII HA — ), TO U Psij Z— TaK)KE€ PACXOJIUTCSI COIIACHO NPEEIBHOIO

n=1 7N+ 2
npu3Haka cpaBHeHHs. ClieoBaTeNbHO, 33JaHHBIN 3HAKONEPEMEHHBIM psij aOCONIOTHO HE
CXOJUTCSI.
2.Tak kak aOCOJIOTHBIC BEIWYMHBI WICHOB JAaHHOTO 3HAKOUEPEIYIOIIEToCs psijia
yOBIBAIOT W TPE/IET MOTYJIS OOIIETO YjeHa paBeH HYJIIO:

1 1 : 1
1) —>—>..; 2) lim——=0
9 16 "=®7n+ 2
To mo TteopeMe JleitOHuua 3amaHHblil psn cxoautcs. llockombky abcoarOTHON
CXOJIMMOCTH HET, MOJIy4aeM, YTO JAHHBIN PSAJ CXOIUTCS YCIOBHO.
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Omeem: 3aJaHHBIN 3HAKONIEPEMEHHBIN Psii CXOAUTCS YCIOBHO.

3aoanue Nel2
DyHKIH0 f(X)= Xe* pa3IokKUTh B CTEIICHHOMN PSII 1O CTEMEHAM X.
Pewienue
x x* x® 3
B pazmoxennu e* =1+ —+-—+"—+... 3aME€HUM X Ha X, IIOJIYYUM
1 21 3l > HOIYH
3 6 9
x> x® x .
e =14+ —+—+..., Xe(—oo,+oo)_
1 2t 3l
s X4 X7 XlO
YMHOKUM Teneph NOJyYEHHOE PABEHCTBO Ha X X-€° =X +F + o +§ +
4 7 10
s X" X Xe(—o0;+ 0
Omeem: xe* :x+—|+§+?+... , ( ’ )

3aoanue Nel3

B nepBowm simuke 20 mapoB: 12 6enbix v 8 yepHbIX, BO BTOpoM — 30 mapoB: 6 OenbIX,
15 cunux u 9 yepHbIx. M3 kaxx10ro SAKKa JOCTAIN 0 OJHOMY IIapy.

13.1 KakoBa BepOSITHOCTh TOTO, YTO U3 MEPBOTO SATUKA JOCTAIN OCNBIH T1ap?

13.2 KakoBa BepOATHOCTH TOTO, 4TO 00a mapa 6enbie?

13.3 KakoBa BEpOSATHOCTb TOTO, YTO OJMH W3 BBIHYTHIX IIApOB OENbIil, a Apyrou —
YEPHBIN?

Pewenue
m 12
n 20
TaK Kak 00111ee KOJMYECTBO MIapoB B MepBoM siuke N=20, a Oenbix cpenu Hux mM=12.

Omeem: BepOSITHOCTD JTOCTaTh U3 NIEPBOTO sIIKKa Oenblit map 0,6.

13.2 Vmeem npoussenerne coobtuit A u B, rne A—nossnenne 6enoro mapa u3
TepBoro sAmuKa, B —mnossaenne 6enoro mapa u3 BToporo smuka. [Ipu 3tom cobbitus A u
B Hesasucumere. Haiinem BHauane X BEpOSATHOCTH.

(m=12_8. )-8 _1

13.1 ITo popmyse BEpOATHOCTH CaydailHOro coObITHs HoaydaeM p(A)= 0,6,

20 5

“30 5
[To dhopmysie BBIUKMCIICHUS BEPOSITHOCTH MTPOU3BEACHUS HE3aBUCUMBIX COOBITHI
31 3
noayudaem plA-B)=plA)- p(B)==-==—=0,12.
y p( )p()p()5525

Omeem: BEPOATHOCTH J10CTaTh jBa Oebix rmapa 0,12,

13.3 Bo3MOXHBI 1Ba BapHaHTa:

1) Oenblii IIap AOCTAIN U3 MIEPBOTO SIIUKA, a YSPHBIH U3 BTOPOTO;

2) Oenblii map IOCTalM U3 BTOPOTO, a YEPHBINA U3 mepBoro. B o0oux ciydasx umeem
MPOMU3BEACHUS JIBYX HE3aBUCUMBIX cOOBITHM. HaligeM nx BeposiTHOCTH.

[Tycte cobwbitne A—mosBacHHE 6EIOro Imapa M3 IEepBOro simuka, cobsitne B —
MOSIBJICHUE YEPHOTO 111apa U3 BTOPOro siuka. Torma

12 3 9 3
(A)=2_O =5 (B)=% =10
[To ¢popmyre BeIuMCICHUS BEPOSITHOCTH HE3aBUCUMBIX COOBITUMN TTOJTydaeM
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33 9
p(A'B)—g'E—% -

[Tycts coObitie C —mosiBiieHne Georo miapa W3 BTOPOro siiuka, D —mosBienue
YEPHOTo 1Iapa U3 IepBoro AmukKa. Tormna

6 1 8 2
D(C)—%—g, p(D)_z_O_E' p(C'D)_Z_S'

Haiinem temnepb BEpOSTHOCTH TOTO, UTO JIOCTAJIW OJIMH Iap OCNbIid, a IPyroi 4epHbIN
(Oe3pa3nuyHO KakoW M3 IIAPOB M3 KAKOTO AIIMKA) KaK BEpPOSTHOCTH CYMMBI JBYX
HECOBMECTHBIX COOBITUH.

2

9 2 13
b5+4)=p(A-B)+plC-D)=—+—=—=0,26
p(5+4)=p(A-B)+p(C-D)= 5+ =1
Omeem: BepOSITHOCTD JIOCTATh OJMH miap Oenbiit, a npyroi yepusiii 0,26.

3aoanue Nel4
Onpenenuts P,, MAaTEMaTUUECKOE OKHMJIaHHUE, TUCIIEPCUIO U CPEJIHEE KBAAPATHUIECKOE

OTKJIOHEHWE JIUCKPETHOM CIydaliHOW BEJIWYWHBI, 3aJaHHOM CieAyroIel Talauien
pacnpeeneHus

X, 0 1 2 3 4
o} 0,2 P, 0,1 0,1 0,3
Pewienue

C nomompr paBeHCTBA  p,+P,+...+p, =1 BBIYNCIIAM
p, =1-(p, + ps + P, + P;)=1-(0,2+01+01+0,3)=1-0,7=0,3.

Haitnem tenepp MaTeMaTUYECKOE OKUAAHUE 38 JAHHOM CIy4YallHOW BEJTUYUHBI

3Ha4YeHHEe P,

5
M(X)=> xp, =0-02+1-03+2-01+3-01+4-03=2,
i=1

Jlucniepento  GyzeM  Bolumemate 1o dopmyne  D(X)=M(X?)-[M(X)F, mnostomy
HE00XOAMMO MPEABAPUTENILHO HAUTH BEIUYUHY M (X 2)
M(X?)=x2p, +X2p, +...+ X2 g =02-0,2+1%-03+22-01+32-01+4%-03=64 .
TMoxyaaem: D(X)=M(X2)-[M(X)f =6,4—2% =24 Torma o(X)=D(X)=+/2,4 ~155.
Omeem: p,=03; M(X)=2, D(X)=24; o(X)~155.

3ameuanue. Pemienue 3Toro 3ananust yio0Ho 0hOpMHUTH B BUJIE CIIEIYIONIEH TaOIUIIbI.

g P, & J N
P P,

1 0 0.2 0 0 0
2 1 0.3 0.3 1 0.3
3 2 0.1 0.2 4 0.4
4 3 0.1 0.3 9 0.9
5 4 0.3 1,2 16 4,8
> 1 2 - 6.4
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Ha nepeceuenuu ueTBepTOTo CTONIONA (POU3BECHUS X, P, ) M HIDKHEH CYMMHUPYIOIIEH

CTPOKH IIOJIYHACTCA 3HAUCHUE MATEMATUUCCKOI'O OKUAAHUSA SaﬂaHHOﬁ CquaﬁHOﬁ BCJIIMYMHBI
X. A B miecToM cT00€ B HU)KHEH CT‘pmg(BI)I‘H/ICJI}ICTC}I MAaTCMaTUYCCKOC OKMIAHUEC KBaapaTa

SB&?E%(MXTM =Benglgﬂ@h=2' 4 [Tocne 3TOrO0 OCTAaETCS HAWUTU JTUCIECPCHUIO:
a(X): D(X): \/ﬁz 155 » 34TEM BBIYHCIHTB CpEJIHEE KBaApaTHYECKOE
OTKJIOHEHUE ’ T

KOHCIIEKT JEKIIUIA
Humezpanvnoe ucuucnenue
1. IlepmooOpasHas d¢ynkuus. HeonpeaejeHHbIH HWHTerpaj, ero CcBOHCTBA.
Tabauna uHTErpaJIoB
dynxrua F(x) HassBaeTcs nepsoobpasnoii 1is GyHkimu f(x), ecrm

F'(x)= f(x) mmma d F(x)= f(x) dx.
Tak, nampumep, GyHKIHA F(x)=x
f(x)=3x?, Tak kKak F'(x)=(x®)'=3x* = f(x).
Eciu ¢ynxmus f(x) umeeT mepoobGpasHylo F(Xx), To oHa umMeeT GecuucleHHOE
MHOKECTBO HepBOOOPa3HBIX, COBNajaloliee ¢ MHOkecTBOM F(X)+C , rae C—mpousBonbHas

MOCTOSIHHASI.
COBOKYITHOCTB BCEX TIEPBOOOPa3HbIX /15 GYHKIMU f(X) HA3BIBACTCS HEONPEOeIeHHbIM

® CIIy)XUT TMepBooOpasHOW IS (DYyHKIUH

unmezpanom ot pyHkipu f(x). O003HAYAIOT TaK:
I f(x)dx = F(x)+C,

rIe j— 3HAaK  WHTerpala, f(x)-moAbIHTerpanbHas  QYHKIHS, f(x) dx—
TMOABIHTErPATbHOE  BBIPAKEHHE, X—IepeMeHHas HMHTerpupoBaHus, F(X)- kakas-mu6o
nepBooOpasnas st pyaknuu f(x), C—npou3BOIbHAS TOCTOSIHHASL.

['eomeTpuyecku HeONpeIeTICHHBIN HHTETPAJT IPEACTABIISIET COO0M CEMENCTBO KPUBBIX,
3aBucALIee OT OAHOro mnapamerpa C, KOTOpbIE MONYYarOTCs OJHA M3 JPYrol IyTem
NapaJuIeIbHOTO CIBUTa B1OJb Ooch Oy .

HaxoxxJieHne HeomnpeaeneHHoro HWHTerpaja OT 3aJaHHOM (YHKIMM Ha3bIBaeTCs
UHMeZPUPOBAHUEM. WuTerpupoBanue ABJIETCS NEHCTBUEM, o0paTHBIM K
muddepenurpoBanuto. M3 3Toro ¢akta BEITEKAIOT CBOMCTBA HEONPEIEIECHHOTO UHTErpajia u
Ta0JUIla OCHOBHBIX MHTETPAJIOB.

Ceoiicmea HeonpedeneHH020 unmezpania

Ceoucmeo 1. JlubdepeHiman OT  HEONPENEICHHOIO  MHTErpajia  paBeH
MOABIHTErPAILHOMY BBIPQXXEHHUIO (MPOM3BOJIHA OT HEOIPEAEICHHOIO HWHTEerpaja paBHa
MOJIBIHTETPATLHON (DYHKIIUN)

d(I f(x)dx)z f (x)dx u (I f(x)dx)' = f(x).

Cesoticmeo 2. Unterpan ot nuddepeninana HEKOTOpor GyHKIHUU PaBEH CyMMeE 3TOU
(GYHKLIMH U IPOU3BOJIBHON MOCTOSTHHOM

IdF(x): F(x)+C u jF’(x)dx =F(x)+C.

Csoucmeo 3. I10CTOSSHHBI MHOYKUATEIb BBIHOCUTCS 33 3HAK UHTETpaja
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jkf x)dx = kf x) dx (k = const).

Ceoticmeo 4. InTerpain ot anredpandyeckoil CyMMbl (PYHKIIUM paBeH alreOpandeckoi
CyMME MHTETPAJIOB
[(£.00 £,()dx = [ £, (x)ex [ ,(x

T a6jzm;a npOCMeUuUx UHmezpaios

; X 9.J' x :larctg§+c (a=0);
J'x“dx= +C, a=#-1; a’+x*> a a '
a+l
2 d_;:.[xldlen|x|+C; 10. j = arcsin ~ +C (a=0);
\/7 1)
3'X 11J-dx:|x+ac_
_[axdx:a (a>0,a%1); Jat-x* 2a |x-a] '
Ina
4..[exdx:ex+C; 12, J‘Lzlnm x?+a’|+C;
x?+a’
5. _[sinxdx:—cosx+C; 13Ishxdx:chx+C;
6. _[cosxdx=sinx+C; 14. jchxdx=shx+C;
7. I d); =tgx+C; d>2( =thx+C;
cos” X X

dx
8. =—Ctg x+C:
jsin2 X gx+%,

3ameuyanue. [Ins 3annoMuHaHUS TAOTUYHBIX (OPMYIT TIOJIE3HO, pacCMATPUBAs KaXIyIO
W3 HUX, 337aBaThCsS BOTPOCOM: I KaKOW (PYHKITUU MOABIHTETPAIbHAS (YHKIHS CITY)KUT

X __chxsc.
X

npou3BoAHO#?». Hampumep, B hopmyie No7 moasiaTerpanbHas Gyakius f(x)= o X Kax
' 1
M3BECTHO, (tgx) = oy - TaKum obpazom, F(X) + C=tgx+C

2. HemocpeacTBeHHOEe MHTETPUPOBaHHUE
JUIsiT HaxoKIAEHWsT MHTETPajoB NPUMEHSIOT CIEIyloIMe TpU METoJa
WHTETPUPOBAHUS: METOJI HETIOCPEACTBEHHOIO MHTErPUPOBAHUS, METO 3aMEHbI IEPEMEHHOMN
Y METOJI UHTETPUPOBAHUSA 10 YACTSAM.
Henocpeocmeennvim unmecpuposanuem Ha3bIBACTCA HAXOXKIACHUE HWHTETPAJIOB C
MOMOIIIbIO IPUMEHEHHUSI TOJIbKO TaOIMIIbI, CBOMCTB HEOIMPEJEICHHBIX MHTETPAIOB U, OBITH
MOJKET, AJIEMEHTAPHBIX MPEe0Opa30BaHUM MOBIHTETPATBHON PYHKIIMN
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3. MeToa 3aMeHbI NIepeMeHHOMI
Cytb Mmemooda 3amenvl nepemeHHOU COCTOUT B TIEPEXOJE OT NEPEMEHHOU
MHTETPUPOBAHUS X K HOBOW IIEPEMEHHOM C LIENBIO YIPOILIEHUS 3aJaHHOTO UHTErpaJIa.
3aMeHa TIEPEeMEHHON B HEOMPEACICHHOM HMHTErpaje MPOM3BOIMTCS dYallle BCEro ¢
MOMOIIBIO (HOPMYIT ABYX BUJIOB:
1) Ecmm f(X) HempepsiBHa, TO, momaras X=¢(t), rtme ¢@(t)—HenpepbIBHO
nudpepeHppyeMas (yHKIHUS, TOTYIUM I f(x)dx = I f(p(t)) ¢'(t)dt.
2) Eciu jf(x)dx:F(x)+C, TO jf(u)du:F(u)+C, rie U=y (x)—HenpephiBHO
auddepenuupyemas QyHKIUA.
3ameuanue 1. Ilpu uCHONB30BaHUU TEPBOH (POPMYIBI X =¢@(t) METOA 3aMEHBI
MIEPEeMEHHON HA3bIBAIOT €IlEe MemoO0oM nOOCmanosku. IIpy MpUMEHEHUN BTOPOU (OPMYIIBI
u=w(x) MeToJ 3aMeHbl MEPEMEHHOW HA3bIBAIOT TAKXKE MeMmOOOM 68e0eHUsi HOBO2O

apaymenma.

Ilpumep. Hantu nHTErpan J)@Lflo .

Pewenue. I X K +10=u = d(x* +10)=du,

x2+1O: 2xdx=du:xdx=%du

l.d_uzlln |u|+C:£In (X2 +10)+C.
2 u 2 2

4. MeTo MHTErPUPOBAHMS 10 YACTIAM
Ecmu u(x) u v(x)— HenpepeIBHO auddepeHiupyemble (QYHKIIMHA, TO CIpaBeIiBa
dhopmyita, KOTopast Ha3bIBACTCS (hOPMYN0U UHMESPUPOBAHUS NO YACAM
judv=u-v—jvdu.

Ucnionb3zoBanne GopMmysbl 1eaecoo0pa3Ho B TeX CIy4asx, Korja HHTerpal Iv du B

[IPaBOM YaCTHU IPOIIE MCXOAHOIO MHTETpala Iu dv MM OIMH U3 HUX BBIPAXKACTCS 4epes

npyroi. Jlns mpuMeHeHwms (HOpPMyYSBI WHTETPUPOBAHUS TIO YACTSIM IMOABIHTETPATLHOE
BBIpaKEHHE ClIeAyeT pa30uTh Ha JABa MHOXKUTENA "Uu" u "dv",

B kauectBe dv BBIOMpaeTCs Takoe BBIpaXEeHHUE, cojepxaniee dx, U3 KOTOPOro
MTOCPEACTBOM MHTETPUPOBAHMS MOYKHO HAalTH V. 3a U B OOJIBIIMHCTBE CIIy4acB BHIOMpPACTCS
byHKuMs, KoTopas npu auddepeHIIMpOBaHUN YIIPOIIaeTcsi (MHOTOWIEH, JJorapudMuyeckas,
oOpaTHasi TPUrOHOMETPUYECKAs U JIp. ).

MeToa UHTETPUPOBAHUS 110 YACTSIM MOKHO IPUMEHSTh HECKOJIBKO pas.

3ameuanue 1. B unterpanax suaa

jP(x)sin axdx dv = sin axdx
I P(x)cosaxdx BwiOmpator: U= P(X), dv = cos axdx
J‘ P(x)e™ dx dv = e™dx.

B sTux dopmynax P(x)-mMHOrounen, a—umcio. HTerpupoBaHue Mo 4acTaM CIeLyeT
IIPUMEHATH CTONBKO Pa3, KAKOBA cTereHb MHorouneHa P(x).
3ameuanue 2. B uHTerpanax Buaa
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Ilnx-xkdx u=Inx
j arctgx-x“dx  BeIOmMparoT:  u=arcigx u dv=x"dx
jarcsinx -x* dx u = arcsin x
B strx opmynax K — panuoHaNbHOE YHCIIO.
Ipumep 1. Haiitn unrerpan [ (4x—3)sin 2xdx .
u=4x-3, dv=sin2xdx,

Pewenue. I(4x —3)sin 2xdx = du=4dx, v= Isin 2xdx = —%COS 2x "

:(4x—3)(—%costj—j(—%cost}-4dx = 3_24)( cos2x+sin2x+C .

5. Onpenenennblii wuHTerpaj. I'eomerpuueckuii CcMbICd U  CBOICTBa
omnpeieJICHHOT0 HHTErpaJia

Iycts ¢yukuus f(x) ompemenena Ha orpeske [a,b]. Paszob6wrem oTpesok [a,b]
IPOM3BOJILHO HA N YacTel TOUKAMM X, =4, X, X,,...,X, =b. Ha Kaxkmom orpeske [x,Xx,,]
NPOM3BOJIGHO BBIOEPEM TOUKM &, BBIYHMCIAM 3HAuUCHHs 3a7aHHON (GYHKIUH f(Xx) B 3THX

ToYKax &,i=12,...,n. COCTaBUM UHTErPAIbHYIO0 CYMMY BH/IA:
f(&) Ax + F(&) Ax, +...+ F(&,)-Ax, =D F(&) Ax; .
i=1

OueBHHO, YTO WUHTETPAJBHBIX CyMM (yHKiuu f(x) Ha OTpe3ke [a,b] MoxxHO cocraBuTB
0OEeCKOHEUYHOE MHOYKECTBO.

Ecnu cymiecTByeT KOHEUHBIN MPEACIT HHTETPATBHBIX CYMM IPU YCJIOBHH, YTO JIJTHHA
HauOOJIBIIIETO U3 YACTUYHBIX OTPE3KOB Pa30MEHUs CTPEMHUTCS K HYNIIO: max Ax; -0, To ero

I<i<n
Ha3BIBAIOT ONPeOeieHHbIM uHmezpaiom om @yukyuu f(x) no ompesky [a, b]. O6o03HauvaoT

TaKI_Tf(X)dX: lim Zn:f(gi)Axi.

max Ax; —0
i

Yucna a u b npu 3T70M Ha3bIBAIOTCS COOTBETCTBEHHO HUMCHUM U 8EPXHUM Npedeiamu
UHMe2pUpOoBaHUs.

dyukuus  f(x) HasblBaeTca ummezpupyemoii Ha [a,b], ecnm ykaszaHHBI mpenen
CylecTByeT M KoHeueH. Jl100as HempephIBHAS WIH KyCOUHO-HENPEphIBHAS Ha OTpesKe [a,b]
(GyHKLHMS SIBISIETCS UHTETPUPYEMOM HA 3TOM OTpPE3KE.

l'eomempuueckuii cmvici onpedeleHH020 UHmezpana

E cnu mogwinTerpanbhas ¢ynkuus f(x) HeoTpumarensHa ( f(x)>0) 1 HempepbIBHA HA
b

oTpeske uHTerpuposanusi [a,b], To ompenenenmeii unrerpan | f(x)dx pasen miomanu

KPUBOJIMHEMHON  Tpamneuuu aABb (puc. 1), orpaHMYeHHOW  JHHUSMHU
y=f(x) x=a, x=b, y=0.
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v

Puc. 1

Cesoticmeéa onpedenienHo20 uHmezpand

Ceoucmeo 1. IIpu nepecTaHOBKE MPEETOB UHTETPUPOBAHUS MECTAMU OTIPEICIICHHBIN
MHTErpall MEHSET 3HaK

Ceoticmeo 2. InTerpan ¢ paBHbIMU IIPEAECIAMU PABEH HYJIIO

a

If(x)dx:O.

Cesoticmeo 3. (O pasdbuenuu ummeepana HaA CYMMY UHMESPALO8 NO Npeoeam

unmezpuposanust). J{ns no0oro yucia C CpaBeIyIuBO PaBEHCTBO
b c b

If(x)dx:jf(x)dx+jf(x)dx,
3ameuanue. Ynucno C MOXKET KaK MPHHAIICKATh, TAK U HE MPUHAIUICKATH OTPE3KY
UHTEerpupoBaHus [a,b].

Ceoticmeo 4. I10CTOSSHHBIA MHOKUTEIIb BBIHOCUTCS 33 3HAK MHTErpara:
b b

[k f(x)dx=k[ f(x)dx  (k=const).
Ceoiicmeo 5. VInterpan ot anredOpandeckoil cymmbl (QyHKIMI paBeH anredpandeckou

CYMMC€ MHTCTPAIOB
b

_T(fl(x)i f,(x)) dx :J. fl(x)dxii f,(x)dx.

a
Csouicmeo 6. (O coxpamenuu ummezpanom 3HAKA  HEPABEHCMEA  MEXKIY

noovinmezpanohoivu  Gyukyusmu). Ecmu  f(x)>g(x) mpu xe[a,b], rme  a<b, T0
b

jf(x)dxzj'g(x)dx.

a

Cneocmeue. OnpefieieHHBI WHTETPaJl COXPAHSAET 3HAK MOJBIHTErPATbHON (YHKIIUH,
TO ecTh, eci f(x)>0 (f(x)<0) mpu Xe[a,b], To
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b

[f(x)ax=0 (?f(x)deO).

a
Csoticmeo 1. (Ouenka onpedenennoco unmeepana). Ecnu m 1 M — HauMeHbIIICe U

HanGonbInee 3HaYeHNs GyHKIuN f(x) Ha oTpeske [a,b] u a<b, To cpaBeIMBO HEPaBEHCTBO
b

m(b—a)sjf(x)dxs M(b-a).

a

Ceoticmeo 8. (Cesoiicmeo o cpeonem). Ecnu f(x)HempepbiBHA Ha oTpeske [a,b], To

CYLIECTBYET TOYKA C e [a, b] TakKas, 4YTO UMCCT MCCTO PAaBCHCTBO
b

If(x)dx: f(ckb-a).

a
6. MeToabl BbIYNCJIEHUS ONPe/ieIeHHbIX MHTErpajjioB
J1Jist BBIYMCIIEHMS ONPE/IeTICHHBIX MHTErpajioB MpuMeHsoT Gopmyny HbroToHa-
JleiibHuia u Te K€ camble METOJbl HWHTEIPUPOBAHUS, YTO M I HAXOXKIACHUS
HEOIPEAEIECHHBIX HHTETPAJIOB.
@opmyna Heromona — Jleubnuya:

rme  F(x)-xaxas-mi6o mepsooOpasHas ¢pyHkimu f(x) Ha oTpeske [a,b].
Dopmyna unmepuposanus no Hacmam IS OIPENEIEHHOTO WHTErpana HMeEeT
CIICIYIOIINMN BU/L;

b
ju dv =uv
a

p b
—jvdu,
a a

rie u=u(x) v=v(x)—HempephiBHO quddepeHIIpyeMble Ha oTpe3ke [a,b] pynkimmy.

Dopmyna 3ameHbl nepemMeHHOl 11 ONPEIeTICHHBIX HHTErPaJIOB:
s

i f(x)dx = [ flp(t)]-'(t)dt

a a

rie X =g(t)-MoHOTOHHAs HempepsiBHO auddepeHuupyeMas Ha oOTpeske |[a, ]
GyHkuust, npudeM gp(a)=a, @(B)=b.

b B
Ananorano [ f(y(9)-y'()dx= [ fudu | w(@)=ayb)=4.

e
Ilpumep. BelUUCIUTH UHTETPAIL Iln x dx .
1

Pewenue.  Bocronp3dyemMcss ~ METOAOM  MHTETPUPOBAHUS [0  YaCTSM.
u=Inx, dv=dx,
dx =Inx-x
du=—, v=x
X

e e

- =Ilne-e—Inl-x | =e—e+1=1.

X

jlnxdx= %
] X

P C— ©

1

e
Omeem: Iln X dx =1.
1

7.T'eoMeTpUYeCcKHE NPUIOKEHUS OTPe/leIeHHBIX HHTErpaJioB: IJIomaab Gurypsi,
00beM TeJ1a, IJIOUIA/Ib IOBEPXHOCTH BPALlIEHUS
Buviuucnenue nnowaou nnockoii gpuzypor
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1Inowaow 6 npamoy2oabHbIX KOOPOUHAMAX

A Ecmn KPHUBOJIMHENHAS Tparnenus
OrpaHMYeHa KpUBOH y=f(x)>0, OTpe3kamu
/ﬁ OpsIMBIX X=a, X=b u otpe3kom [a,b] ocu Ox
Y= /L5 (puc. 2), TO e¢ IUIOIIAAb BBIUUCISCTCS IIO
7 dbopmyie

S:

f(x)dx.

D C—y T

[Tnomans ¢GuUrypel, OrpaHIYCHHON IBYMSI
KpuBbiMH y=f(x) U y=f,(x) (f,(x)<f,(x) u
OTpe3KaMu TpsIMBIX Xx=a, x=b (puc. 40),
HaxXOJIUTCS 1O hopMyIie

v

N\

N\

b
y= S = [(f,(x)- f,(x)) dx.
Puc. Bovtuucnenue oovema mena u naouwiaou

~

NOGEPXHOCMU 6PAULEHU
IIycTh MIOMank CeYeHHs Tela IIOCKOCTBIO MepreHINKyIsIpHoii ocu OX pasHaS(x),

TOormga OO0bEeM YacTH Tela, 3aKIIUCHHOW MEXAy IUIOCKOCTSIMH X=a u x=b (a<b),
BBIPAKAETCA UHTETPATIOM

t V=i5(x)dx.

B wactHOCTH, 00BEM TEna BpaIICHUS,

y=_£l MOJTy9aeMOT0 BPAIIEHUEM BOKPYT ocu OX IyTH

— riaagkoid kpuBod Y= f(x), (f(x)>0), a<x<b
(puc.3), Beramucisiercs mo popmye

b b
; 7 " 4 Vo, = 7| y2dx =z [ (x)] dx.

S \ [[nomaags TOBEPXHOCTM TOTO KE Tela
—~\ BpAILICHHSI BBIPAXKAECTCA UHTETPAJIOM

b
Soy =27 £(x) {1+ (F)dlx.

Puc

Jugpgpepenyuanvnvie ypasnenusn

8. O0bIkHOBeHHbIe TU((epeHINATbHbIE YPABHEHUSI NepBoro nopsiaka. Oomue
TOHSATHSA

Jugepenyuanvnoiv  ypaénenuem  Ha3bIBaeTCd ~ YpaBHEHHE,  CBS3BIBAIOIIEE
HE3aBUCUMbIE MEpPEMEHHbIE, MX (YHKIHMIO M MNPOU3BOJHbIE WK AuddepeHranbl 3Tou
bynkuun. Ecnu He3aBucuMas miepeMeHHass ojHa, To auddepeHIuaibHoe ypaBHEHUE
HA3bIBACTCS 0ObIKHOBEHHBIM.
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llopsiokom nuddepeHMaNbHOTO ypaBHEHHMsSI HA3bIBAeTCSl TMOPSAJOK — CcTapiiei
MPOU3BOJHON HEU3BECTHOM (PYHKIIMU, BXOJSIICH B 3TO ypaBHEHUE.

Tak, Hampumep, x°y”+3xy” =y’ —00bIKHOBeHHOE U EepeHIINAIEHOS YpaBHEHHE
TPETHEro MOPAJIKa, TOCKOJIbKY HEM3BECTHAS (DYHKIUS Y 3aBUCUT OT OJIHOM MEPEMEHHOU X, a
e€ cTapiuas Mpou3BOAHAs, BXOJAIIasi B ypaBHEHHUE, Y” — TPETHETO MOPsJIKA.

OO6bikHOBeHHOE nuddepeHnanbHoe ypaBHEHHE TIEPBOTO MOPSIAKA UMEET BU:
F(x,y,y’)=0. B pa3peiiecHHOM OTHOCHUTEIbHO Y BHJEC OHO MOXET OBbITh 3alHMCAaHO TakK:
y'=f(xy).

Pewenuem muddepeHnnanbHOTO ypaBHEHHs TEPBOrO TMOpsIKa HA3BIBACTCS Takas
nupdepenimpyemas GyHKIUS y = p(x), KOTOpas MPHU MOJCTAHOBKE B ypaBHEHHE BMECTO
HEM3BECTHOW (yHKIHMHM oOpamaeT ero B TOXAECTBO. [Ipolmecc HaXOXACHUS perieHui
auddepeHInaIbHOT0  YpaBHEHUSI HA3bIBACTCS  UHmMepuposanuem ougghepenyuanbHozo
ypaeHeHusl.

Obwum pewenuem nudGepeHITNATBPHOTO YPAaBHEHUS MEPBOro mopsaka y' = f(x,y)
Ha3bIBaeTCs PyHKIUS y = o(x,C), KOTOpast PH JIFOOOM TOMTYCTUMOM 3HAUYCHHUH POU3BOIBHOM
noCTOSTHHOMW C SIBJIsIeTCS pelIeHHEM JAaHHOTO ypaBHEHUS.

Besikoe pemienune y =@ x,CO), MoJTydaromeecss U3 OOIIEro Mpu KOHKPETHOM
3HaYEHUH MPOU3BOJIBLHON MOCTOSAHHOM C =C,, HAa3bIBACTCS YACMHBIM pPeUleHUEM.

Eciu obiiiee perieHre HaXOMUTCs B HESIBHOM Buje d(x,y,C)=0, TO OHO Ha3bIBaeTCS
TaKKe 00WUM UHMe2PaloM. AHaTIOTUIHO, €CJIA YACTHOE PEIICHUE HAXOAUTCS B HESIBHOM BUJIC
(X, y,C,)=0, TO OHO Ha3bIBAETCS TAKIKE UACHHbIM UHMEZDATIOM.

3asava, B KOTOpOW TpeOyeTcs HaWTH YacTHOE pelIeHHe ypaBHEHus y' = f(x,y),
YIOBIIETBOPSIONIEE HAYAIBHOMY YCIOBHIO Y(X, )= Y, , Ha3bIBaeTCs 3adauei Kowwu.

I'paduk BCAKOro pemieHus y=g@(x) AuGPEepeHIMaTbHOrO ypaBHEHHs Ha3bIBaCTCs
uHmezpanbHolu  Kpusou  3Toro  ypaBHeHusa.  OOmeMmy  penieHuro y=p(x,C)

nuddepeHIaIbHOTO YPaBHEHHUS MIEPBOTO MOPSIKA COOTBETCTBYET CEMEHCTBO HHTEIPATbHBIX
KPHBBIX, 3aBHCSAIIEE OT OJHOIO MapaMeTpa — MPOU3BOJILHON MOCTOSHHONW C, a YaCTHOMY
PEILIEHUIO, YIAOBIETBOPSIONIEMY HAYaabHOMY YCIOBHIO Y(X,)=Y,, — OJHA KpHUBas 3TOrO
ceMelcTBa, IPOXOIsIIas Yepes 3aJaHHYI0 TOUKY M (X,:Y,)-

Bcerpeuatorest nuddepeHnnaibHbie ypaBHEHHSI, UMCIOIINE TAKUE PEIICHHS, KOTOPbIC HE
MOJIY4aloOTCsl U3 OOINEro HU MPH KaKUX 3HAYCHUSIX MPOU3BOJBHON MOCTOSIHHOW (BKITFOYAS
C =+w). Takue pelieHus: Ha3bIBAIOTCA 0coObimu. I'padukoM ocobOro pemnieHus, ecii OHO
CYILIECTBYET, SBJSICTCS OruOaroias CeMeicTBa WHTErPalibHBbIX KPHUBBIX, TO €CTh JIHUHHS,
KOTOpas B KaXJ0W CBOEH TOUKE KACAETCS, IO MEHBIIIEH MEPE, OAHON UHTErPAIIBHOW KPUBOM.

9. luddepeHunanbHble ypaBHEHNS ¢ Pa31e/IsIIOIIMMUCS NepeMeHHbIMU

Hubdepennmanproe ypaaenue suma: M, (x)N,(y) dx+ M, (x)N,(y)dy =0,

rae M, (x), M,(x), N,(y), N,(y)-3amanubie (QyHKIIUHM, Ha3bIBACTCS YPAGHEHUEM C
Pa30eNsIOWUMUCS NePEMEHHbIMUL.

Memoo pewenus: pa3uenuB ode yacTu ypaBHeHuUs Ha M,(x), N, (y), (mpenmnosarasi,
9r0 M,(x)#0 u N,(y)#0) ¥ NPOMHTETPUPOBAB, MOJYIUM OOIIMIA HHTETPaj UCXOTHOTO
M, (x) dx +_[ N

2

2(Y)
M, (x) N, (y)

YpaBHEHUS: j dy=C.
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3ameuanue. Ecmu ypaBHeHHs M,(x)=0 u N,(y)=0 HMEIOT pEIICHUS, TO ITH
pelIeHuss MOTYT OBITh TAKXK€ W PEIICHUAMH 33JaHHOTrO JU(QPEePEHIMATLHOIO YPaBHEHUS C
Pa3IeNSIONMMUCS IEPEMEHHBIMU. JTH PEIIEHHs MOTYT OKA3aThCsl OCOOBIMHU.

10. Ognopoanbie qupdepeHnHATLHbIE YPABHEHHS EPBOTO MOPAIKA

DyHKIUS IBYX MEPEMEHHBIX f (X, y) Ha3bIBACTCS 0OHOPOOHOU (hyHKYuel N— 20 NOpsoKa
(Wl N—20 uzmepenus), €CIM TS TF000TO A, BBIIOIHSETCS paBeHCTBO: f(Ax, Ay)=A"- f(X,y),

Tak, wanpumep, ¢yHKims f(x,y)=3x*—y? — OJHOpPOAHAS BTOPOTO IOPSIKA,

MOCKOJIBKY JJIsl TFOOOT0 A, BEPHO COOTHOIIICHHUE:

£ (A%, Ay) =3(Ax)? —(ay)? = 22 -(3x2 —y?)= 22 - f(x, ).

A dynxmms f(x,y)= x(xy_er) — OZIHOPOIHAS HYJIEBOTO TIOPSKA, TAK KakK JUIs JII0O0To A

BBITIOJTHSICTCS CIICIYIOIIEEe PAaBEHCTBO:
AX-(AX+Ay)  Ax(x+ X(X +
f(ax, ay) = 2B y)  Axcy) xcey) gy
(2y) 2y y

Hubdepennuanpioe ypaBHenue Buaa: y' = f(x,y), rae f(x,y)— omHopoaHas GyHKIHS
HYJICBOTO MOPSJKA, HA3bIBACTCS OOHOPOOHBIM OUpGepeHyuaibHbiM ypasHeHuem nepeo2o
nopsoxa.

OnHOpoAHOE ypaBHEHUE MOKET OBITh MPEOOPA30BAHO K BUAY: Y' = F(%) :

Memoo pewenus: OIHOPOAHOE YpaBHEHHE TPUBOAUTCA K YPaBHEHHUIO C
Pa3NeNAIONIMMECSA TIEPEMEHHBIMI OTHOCHTENFHO HOBOHM HEM3BeCTHOH (yHKmum U(X) c
MOMOIIIBIO TIOJICTAHOBKHU: Yy =U-X .

11. Jluneiinble nuddepeHnuaibHble YpaBHEHUs NEPBOro NMOPSAKA, YPaABHEHUS
bepnyiuiu

Vpasnenue Buga y'+P(x)-y=Q(x), tme P(x) u Q(x)-3anannble GpyHKIMM, THHEHHOE
OTHOCUTEJIbHO HEWU3BECTHON (PYHKUMH Y M €€ NPOU3BOAHOM Y', HA3BIBACTCS JUHEUHbIM
ougppepeHyuanbHbIM ypasHeHuem neposoco NopsioKa.

Memoo pewenus: ¢ TOMONBIO 3aMeHbI Yy=U-V, rae u(x), v(x)—IBe HOBbIC
HEW3BECTHBIC (PYHKIUH, IMHEWHOE YPAaBHEHHE NMPe0oOpa3yeTcs K BUAY:

U-v+u-vV +P(x)-u-v=Q(x) wmmm u-[v'+P(x)-v]+u-v=0Q(x)

U CBOJWTCS K JIBYM YPaBHECHHSM C Pa3CSIONIAMHUCS TTEPEMEHHBIMU OTHOCHTEIIBHO
Ka)XJ10M U3 BCIIOMOTaTEIbHBIX PYHKIIUM U U V:

1) v+p(x)-v=0 wu 2)u’-v=0Q(x).

U3 mepBoro ypaBHeHHs ompenensercs GyHknus V(x), mpm ToM B KadecTBe V(X)
BBIOMpaeTCs KaKoe-TH00 YacTHOE pellleHne ypasHenus 1). 3ateM, mojcTasiss V(X) Bo BTOpoe
ypaBHEHHeE, HAX0IAT (GyHKIMIO U(X), ociie 3Toro — obliee peleHne HCXOIHOTO THHEHHOTo
ypaBHEHUs y = u(x)-v(x).

3ameuanue. Hexotopsie auddepeHimaibabie ypaBHEHUS! HETMHEWHBIE OTHOCUTEIIBHO
(GYHKIMHA Y CTAaHOBSITCS JTMHEHHBIMH OTHOCUTEIBHO X, €CITU MEPEMEHHBIE X M Y TIOMEHSTh
Mectamu. Hanpumep, ypaBHeHue y = (2x + y3)- y' HE SABIIACTCS JIMHCHHBIM OTHOCUTEIBHO Y , HO
OHO  JIMHEWHO  OTHOCHTEIHHO X, Tak Kak  mpeoOpa3dyercs K  BHIY:
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y-dx = (2x+ ys)dy =Sy x-2x=y*= x—2.% = y>. Jlma  pemieHus ~ TaKMX ~ ypaBHEHHi

INPUMCHACTCA IOACTaHOBKA X=U-V,

Ypaeunenue bepnyanu

HMuddepenunanpHoe ypaBHeHue Biaa Yy +P(x)-y =Q(x)-y", rae P(x), Q(x)—3amaHHbIC
bynkumn, a m=0 u m=1, Ha3pIBaeTcs ypasuenuem bepnyniu. 3aMeTum, 4To 3TO ypaBHEHHE
OTJIMYAETCS OT JMHEHMHOTO YpaBHEHUS JIUIIhL MHOXKHUTENIEM y" B MPaBOW YaCTH.

[Ipu m=0 ypaBHenue bepHysm npeBpaTuiiock Obl B IMHEHHOE YpaBHEHHE, a ipu M =1
OHO CTaJI0 Obl YpPaBHEHUEM C pa3/IeISIIOIIMMUCS TIEPEMEHHBIMHU.

Memoo pewenusi: METOJ pelICHUs ypaBHEHUS BepHYIIM aHAJIOTMYEH METOAY
peleHus JTuHEHHOrO ypaBHeHHs. C MOMOIIBIO TMOACTAHOBKU Y =U-V, rae u(x), v(x)—aBe
HOBBIEC HEM3BECTHBIE (DYHKIIMHU, OHO MPEoOpa3yeTcs K BUIY:

u-[v' +P(x)-v]+u'-v=Q(x)-u™-v",
3aTe€M CBOJIUTCS K JIBYM YPaBHEHUSIM C Pa3ACIISIIOIIUMUCS IEPEMEHHBIMHU:
1) V+P(x)-v=0 mu 2) u'=Q(x)-u™-v™*,

12. OObikHOBeHHbIe aU(pdepeHINATbHbIE YPABHEHHUS BBICHIMX MOPSIAKOB,
OCHOBHbIE MOHATHSA

VYpaBHeHue  BuIa F(x, Y, Y. Y. y(“)): 0 HazwpIBaeTcs  oughgpepenyuanvHuim
ypaeuenuem N—20 nopsaoka. Pewenuem Takoro ypaBHEHUs CIYXUT BCAKas N pas
nupepeHpyemas GyHKIU y = @(x), KOTopas oOpalaet JaHHOE YPaBHEHUE B TOXKICCTBO.

HudbdepenuuansHoe ypaBHEHHE N—Tr0 TOpsAJIKA MOXKET OBbITh 3allMCaHO B BUJIE,
Pa3speleHHOM OTHOCHTENBHO CTapuIel nmpou3soaHoi y" = f(x, vy, y s,y )

3aoaua Kowwu nns takoro nud@epeHInanbHOro ypaBHEHUsT N—T0 MOPSAKa COCTOUT B
TOM, YTOOBI HAITH pEIICHUE, YIOBIECTBOPSIOIIECE HAUATILHBIM YCIOBUIM:

Y%)=Yor Vi) =Yor-- Yiny =y,

e X Yor Yor... YOV —3amanubIe unca.

B otnuume ot ypaBHEHHMs TIEpBOrO TOpsAJIKa 3[eCh MPU 33JaHHOM 3HAYCHUU
HE3aBHCHUMOM NEpEeMEHHOM 3a/1aeTcsl 3HAaU€HUE HE TOJIbKO (DYHKIMH, HO U €€ IPOU3BOAHBIX J0
MopsiJiKa Ha €IUHUILY HUXKE, YeM MOPsIIoK TudPepeHInanbHOTO ypaBHEHUS.

DOyHKIMSA y=¢ (x, C.C,, ..., Cn) Ha3bIBACTCA  0OWUM  peuleHuem  YPAaeHeHusl

y(" = f(x, v, Y,y ), €CJIM TIPU COOTBETCTBYIOIIEM BHIOOPE MPOU3BOJBHBIX MOCTOSHHBIX
C,,C,,...,C, ota (pynkmus obpariaercs B penienue 1oboi 3anaun Ko, mocraBieHHON ISt

JaHHOI'O YpaBHCHUAI.

Bcesikoe penienue, noiayyaeMoe U3 OOLIEro Mpu KOHKPETHBIX 3HAYEHUSX MPOU3BOJIBHBIX

nocrostHubix  C;, C’,..., C7, Ha3pIBaeTCs uacmmubim peuwienuem 510ro nauddepeHnnansHoro

yPaBHEHHS.
Eciu oOliee pelieHde ypaBHEHHs N—TO0 MOPAAKA HAaXOAWTCA B HESIBHOM BHUJIE
®(x, y, C, C,,...,C,)=0, TO OHO Ha3BIBAETCA OOWUM UHMEZPAIOM NAHHOTO ypPaBHEHWUS.

AHAIIOTUYHO, €CJIM YaCTHOE PELICHNE HAXOIUTCS B HEABHOM Buae O (x, y, C, C,..., C,?)z 0,

TO OHO HA3bIBACTCS YACMHbIM UHIMESPATIOM.
WurterpupoBanue auddepeHnnanbHbIX YpaBHEHUH N—TO MOpPsAKa B KOHEYHOM BHUE
yIaaeTcsi TPOM3BECTH TOJBKO B HEKOTOPHIX YACTHBIX CIy4yasx JUOO TpHU TOMOIIU
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CHELHABHBIX CIIOCOOOB, MPUMEHSEMBIX HEMOCPEACTBEHHO K JAHHOMY YPaBHEHHIO, JHOO
IIPEABAPUTEIBHBIM IIOHWKEHUEM TTOPSIAKA YPABHEHMUS.
13. AuddepenunaibHbie ypaBHeHHS, J0MYCKAKONINE OHMKEHUE MOPSAKA
Vpaenenus éuoa y"™ = f(x)
O6mee pELICHNE TAKOTO YPAaBHEHHsI HAXOAUTCS N —KPAaTHBIM UHTEIPUPOBAHUEM:

= f(x),

If x)dx+C, = f,(x)+C,,

_[ x)+C,|dx = .[ x)dx+C,x+C, = f,(x)+ Cx+C,,

y=f (X)+Cx""+C,x"? +...C_,x+C,.
14. JIuneiinbie oqHOPOAHBbIE TU(depeHIIHATbHbIE YPABHEHUS BBICIIMX MOPSIIKOB

Junetinvim  oughgpepenyuanvuvim  ypasHenuem n— 20 NOPAOKA Ha3bIBACTCS
ypaBHEHHUE an[a°

vy +a (x)y" +a,(x)y"? +.. .+a,,(x)y +a,(x)y = f(x).

CDYHKHI/II/I a,(x), a,(x), ..., a,,(x), a,(x), f(x) HEMPEPHIBHBI B HEKOTOPOM TIPOMEKYTKE
(a,b).

Ecnm mpaBas yacTh ypaBHeHus f(X)He paBHa TOXJIECTBEHHO HYIO mpu X €(a,b), To
OHO HA3BIBAETCS HEOOHOPOOHLIM uHelinbim ypasHenuem. Ecmu f(x)=0 mms Bcex x e(a,b), To
YPaBHEHHE HA3BIBAETCH OOHOPOOHbIM JUHEUHbIM YpaeHenuem. IIpu 5TOM ypaBHEHHE
y"+a,(x)-y"+...+a,(x)-y=0  Ha3sBIBAIOT  JuUHEUHBIM  OOHOPOOHLIM  VPAGHEHUEM,
COOMEEeMCmEYIoWUM HeOOHOPOOHOMY YPAGHEHUIO C TAKOM K€ JIEBOU YaCThIO.

CTpyKTypa OOILETr0 PEIICHUS IMHEWHOrO0 OXHOPOAHOro Iu(pdepeHMAaNIbLHOTO
YPaBHEHHUS ONPEAEIACTCS CIAEAYIOUIEN TEOPEMOM.

Teopema. Ecin  y,(x),y,(x),...y,(x) — (dyHoameHTanbHas CHCTEMa pPEIIEHUN
JUHEHHOTO OJHOPOJHOTO MU (epeHIInaTbHOTO YpaBHEHUSI n — TO TOpSKa, TO (QYHKIUS
y=C,-y,(x)+C, - y,(x)+...C,y,(x), tme C,,C,,..,C, —IPOU3BOJILHBIE MOCTOSHHBIE, SBJIAECTCS
OOILIMM PEIIEHUEM 3TOTO YPABHEHHUS.

Cucrema pewenuii y,(x),y,(x),...y,(x) HasbiBaeTcs ¢hyroamenmanvrot cucmemotl
peuienuii, eclii 3Ta CUCTeMa SBISETCA JNHHEHHO HesaBHUCHMOH mpu X €(a,b), To ects, 7Ta
CHUCTEMA YIIOBJIETBOPAET COOTHOLIEHUIO

ay,(X)+a,y,(X)+...a,y,(x)=0mpu x < (a,b)
TOJILKO TIPH YCIOBHH, YTO BCE KOIPMUIMEHTHI PaBHBI HYJIIO o, =, =...=a, =0.
JIuneiiHOE OTHOPOIHOE ﬂH(b(bepeHuHaanoe ypaBHeHI/I;[ BUJIA:
+a1y +ay )+, .+a,,y'+a,y=0,
rae  KodpduuueHTs a,, a,, ..., a,, 8, — HEKOTOPbIE AEHCTBUTENLHBIE YHUCIIA,
HA3bIBACTCS JIUHCUHBIM OOHOPOOHbIM YPAGHeHueM N—20 NOpAOKA C NOCMOSIHHbIMU

Koa¢hpuyuenmamu.
st HaxoxaeHus: (yHIAMEHTAIBHOW CHUCTEMBI peImeHud Y, Y,, ... , Y, JIMHEHHOTO

OJIHOpOAHOTO JU(pdHepeHIINMATBPHOTO YPABHEHUS C MOCTOSHHBIMU KO3 UITMEHTAMHU, a 3aTeM
U IS IOCTPOEHHUS O0ILIETO PEUIEHUSs, COCTABIIAIOT XAPAKMEPUCIMUYECKOe YPAGHEHUE
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2) k"+ak"t+a,k"+...+a,,k+a,=0.
D10 ypaBHEHHE MOJy4aeTcst GOPMAIbHOM 3aMEHOW B UCXOAHOM auddepeHIraIbHOM
ypaBHEHUM TIPou3BoAHBIX Y™ (M=0,1,2,...,n) COOTBETCTBYIOMUMH cTeNeHAMU K", TIpU 3TOM
caMa (QYHKIHS Y 3aMEHSCTCS €TUHULICH.

OOmiee pemieHWe JWHEHWHOTO OJHOPOMHOTO IU((EepeHITNABEHOTO YpaBHEHHUS C
MOCTOSTHHBIMH ~ KO3(DPUIIMCHTaMH CTPOHUTCS B 3aBHCHMOCTH OT XapakTepa KOpHEH
XapaKTePUCTHIECKOTO ypaBHEHUs. PacCMOTpHUM METOIMKY IMTOCTPOCHHS OOIIET0 PEeIICHUS IS
YPaBHEHHS BTOPOT'O TIOPSIIKA.

Tt nuddepeHInaIbHOTO0 YPaBHEHHS BTOPOTO MOPSIKA XapaKTEPUCTUICCKHM CITYXKUT
KBaJIpaTHOE ypaBHEHHUE. BO3MOXKHBI CIICIYIOIINE TPH CUTYAIIHH:

1) KOpHHM XapaKTePUCTUYCCKOTO YPABHCHHS OelCHeUmelbHble U pPA3IUYHble
k,#k,, (D>0), Torma o6mee pemeHrie OyaeT HUMETh  CICAYIOIIUA  BHI:

y=C,e"* +C,e";
2) KOpPHH XapaKTePUCTUYECKOTO YPABHEHUS OelcmeumeibHble, HO pPAGHbIE
k, =K, =k, (D=0) , Tormaa ob1ee pemeHne HCXOAHOTO YPaBHEHUS OYIET TAaKUM:
y =C,e + xC,e*:
3) KOpHH XapaKTEepHUCTHUECKOTO ypaBHEHUS Komniekchole K, ,, =o £ i, (D<0), rorma

o0IIiee peleHne CTPOUTCS ciieayomum obpazom: Y =€ (C, cospx + C, sinpx).
15. JluHeiiHble HeOAHOPOAHBbIe AU PepeHIUAIbHbIE YPABHEHHS BbICIINX
NOPS/AKOB, METO/l NOA00Pa YACTHOI'O pPellleHHs
OO1iee penieHre JIMHEHHOTO0 HEOAHOPOIHOTO AudhepeHInaIbHOTO YPAaBHEHHS n — TO
nopsinka Y™ +a,(x)y"? +a,(x)y"? +...+a,,(x)y' +a,(x)y = f(x) paBHO cymMe Kakoro — nu60
€ro0 YacTHOTO peHIeHHs Y U OOIIer0 pemIeHHS Y, COOTBETCTBYIOUIETO OJHOPOIHOTO
ypaBHEHUs: Yy =Y + Y, .ClieoBaTeabHO, sl HOCTPOEHUS OOILEro pelIeHns 3TOT0 YpaBHEHUS
HE00XO0MMO HAWTH KaKoe-TMOO YaCTHOE ero pemieHue (peamnosaras yxe u3BeCTHbIM 0011ee
pelIeHre COOTBETCTBYIONIETO OTHOPOJHOTO YPaBHEHUS).
Memoo noobopa wacmmnozo pewenus (Memoo neonpedeneHubix Ko3ppuyuenmos)
DTOT MeToJ TMPUMEHHM TOJIBKO K JIMHEHHBIM YpaBHEHUSM C TOCTOSHHBIMH
K03 UIIMEHTaMH U TOJIBKO B TOM CIIy4ae, KOT/Ia MpaBasi 4aCTh YPaBHEHUS UMEET CJIE YOI
BU/I:
f(x)=e”-[R(x)cos x+Q,(x)sin ],
rje Y u 8 — neicTBUTENbHBIE Yncia, P (x) u Q, (X)— MHOTOWIEHBI OT X COOTBETCTBEHHO
|-# u m-u creneHen.
YacTHOE pelIieHne y B 3TOM ciIydae onpeaesieTcs: (hopMyIoi:
y(x)=x"-e”-[U (x)cos x+V,(x)sin &].
31ech o paBHO MOKAa3aTeN0 KPaTHOCTU KOPHS y+i8 (WM, YTO OJHO M TO XK€, Maphbl
KOMILUICKCHO-COTIPSDKEHHBIX ~ KOPHEH i) B XapaKTePUCTUYECKOM  YpPaBHCHUU
k" +ak"™ +a,k"? +...+a,,k+a, =0. Eciu XapakTepuCTUUECKOE YPAaBHEHHE TAKOIO KOPHS HE
¥MeeT, TO cleayer mojaokuth ao=0. U (x) u V,(x)- moaHsle (TO €CTh COAEpKAIINE BCE

CTENEHU X OT HyJdsd JO S) MHOTOWIEHBl OT X CTENEHH S C HEeOIpeaesIeHHbBIMU
koadduimentamu. CreneHb S paBHa HauOoJblIEMY U3 yKces | u m.
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3ameuanue 1. Ecniu B BoipakeHue GyHKImU f(x) BXOAUT TOJIBKO OFHA M3 (YHKIIHUIL
COS X My Sin&X, TO B penieHue y(x) HY»KHO BCE PABHO BBOAUTEL 00€ 3TH (YHKIIHH.
Heonpenenennbie Kod3(pOUIUEHTH MHOTOYIEHOB, BXOJSAIIMX B YaCTHOE pEILIEHHE,
HAaXOMATCA W3 CHUCTEMBI JIMHEWHBIX  aireOpalyecKhX  YpaBHEHWH, IOJy4aeMbIX
NPUPABHUBAHUEM KOO (DUIIMEHTOB MO0OHBIX YICHOB B IPABOM U B JIEBOM YaCTIX HCXOHOTO
JIMHEWHOTO HEOJHOPOIHOTO YPAaBHEHHMs IOCIE MOJICTAHOBKM B Hero y(x) BMmecto Y, ¥'(x)
BMECTO Y U T. 1.
3ameuanue 2. Eciv nipaBast 4acTh JIMHEWHOTO HEOJHOPOJHOTO YPaBHEHHS €CTh CyMMa
HECKOJIbKHUX (PYHKIMI paccMaTpUBAEMOi CTPYKTYPBI
f(x)= f,(x)+ f,(x)+...+ f (x),
a V.(x), (i=12,...,m)— COOTBETCTBYIOIINE YACTHBIC PEIICHUS YPABHEHHIA:
y"ray™ray" v ra, Ly e,y = fi(x),
Tt0 cymma: Y(x)=¥,(x)+ V,(X)+...+ ¥, (x) SBIsETCS YACTHBIM pPEHICHHEM HCXOIHOTO

JMHENHOT0 HEOJTHOPOJAHOTO YPABHEHMUSL.
Yucnoewie psaowt
16. OcHoBHbIe MoHsITUSI. Heo0X01uMBbIii MPU3HAK CXOAUMOCTH
[TycTh 3a1ana GeckoHeYHAas MOCIEA0BATENIbHOCTh UUCEN &, &,,...,4,, ... BEIpakeHue

a +a,+..+a,+...= » & Ha3blBACTCS YUCIOBbIM DAOOM, & YHCIA &,8,,85,... IPUA ITOM

n=1
HA3bIBAIOTCS WICHAMU psJa, d, — OOLIUM YJICHOM psija.
CymMmy nepBBIX N WICHOB psijia HA3bIBAIOT N — O yacmuuHol cyMmou paoa
S,=a,+a,+a,+...a,.
Ecnu cymectByeT koHeuHbIM nipeaen S =1lim S, | To ero Ha3bIBalOT CYMMOM psijia, a cam
N—o0
psia HaseBalOT cxoosuumcsa. Ecim limS, He cymectByer wim GeCKOHEYEH, TO DS
n—o
Ha3bIBACTCS pACX0O0AUWUMCS Y TOBOPSIT, UTO OH HE UMEET CYMMBI.
Heobxooumviil npuznaxk cxooumocmu psoa: €Clv psif a, +a, +...+4a, +... CXOAUTCS, TO

lima, =0. OTcroga cineayer, 4To eciu [I1im a, #0, TO psA pacXOIUTCH.
—0

n—oo

YKa3aHHBIN MPU3HAK HE SIBISECTCS JOCTATOUYHBIM, T. €. €ciu lima, =0, To 0 cX0auMOoCTH

n—o0

paga HU4CTO HCJIb3A CKa3aThb. PSII[ MOJKCT KaK CXOOUTBHCA, TaK U PACXOOUTHCA.

17. locTaTo4yHble NPU3HAKHN CXOAUMOCTH YUCJIOBBIX PSAA0B € MOJ0KUTEIHLHBIMH
YjIeHAMH
Ilpusnax cpasnenus

%
YucnoBou paa Zan Ha3bIBACTCA 3HAKONOJA0H#CUMENIbHbIM, €CIIN BCC €0 3JICMCHTHI
n=1
SABIIAIOTCA  HCOTPHULATCIbHBIMHM  4YMCIIaMH, T. €. C€CJIM BBIIOJIHACTCA HCPABCHCTBO
a,=20, n=12,....

HYCTB 3aJaHbl IBa piaga ¢ HCOTPHUIATCIIbHBIMH YJICHAMU

a+a,+..+a,+...=>a,, b +b, +...+b, +...=> b,
=1

29



pUYeM, HAaYMHAS ¢ HEKOTOPOTO HOMepa N = N, , BRITIOJIHIETCS] HepaBeHCTBO: 0<a, <b

Torna crpaBeJIUBBI YTBEPKICHUS:

> N3 CXOAUMOCTHU «OOJIBIIIETO) paaa an CJICOAyCT CXOOAUMOCTb «MCHBIICTO» psAda
n=1

» W3 pacxXoJMMOCTH «MEHBIIETO» psifia » a, CIEAYET PACXOIUMOCTD «OOIIBIIEI0»

n=1

psma ) b, .
n=1
IIpusnax cpaenenus 6 npedenvHou gopme

Eci D a, u Db, psibl ¢ HEOTPULATEIBHBIMU YICHAMH M CYLICCTBYET KOHEYHBIi
n=1 n=1

(V) 1 an
OTJIUYHBIN OT HYJS TPEIe: Ilmb—:k >0 (1. e. a,~kb, mpu N—> ), To oba psma wim
nN—oo
n
OJTHOBPEMEHHO CXOJISTCS, WM OJJHOBPEMEHHO PACXOJISATCSL.

3aMeudaHUue: 014 UCNONb30GAHUS NPUSHAKOE CPABHEHUS HA NPAKMUKE NPUMEHAIOMCSL
PA0bl, 0 KOMOPBIX U3BECHIHO, CXOOAMCS OHU UNU pacXoosimcsl. FIX nazviearom s5manioHHbIMU.
DTalOHHBIE PSIBI

00

1. > q" — ceomempuueckas npoepeccust
n=0

npu |q|<1 cxomurcs, npu  |q|=1 pacxomutcs.

2. > ni" —pao JQupuxne;

n=1

npu p>1 cxoaurcs, npu p<1 pacxoaurcs.

o N > 1
OTMGTI/IM, 4dTO pacXOodAUUCA TapMOHUYCCKUN PO Z— ABJEICTCA 4aCTHBIM CIIYy4acM
n

n=1

psana Jupuxiie npu p =1.

0 2
n“+5
IlIpumep . UccnenoBath CXOAUMOCTD psiia Zm , UCTIOJIBb3YSI MPU3HAK CPABHEHUSI.
n=1
2
o n“+5
Pewenue. OOmuii uneH 3a1aHHOTO psifia UMEET BU: a, = il

Bocnonb3yemcst mpu3HakoM CpaBHEHUS B IpeaeabHol dopme. s 3Toro B KauecTBe

0 o 0 1
psna Y b, paccMOTPMM TapMOHHYECKUI Psijt ZH :

n=1 n=1

2 3
Beruucium npegen: k = Iimﬁ = lim (n 3+ 5) n_ lim n :5n =1 =0
noeb, e (4n®41)1 = 4nt+l 4

IToCKOJIBKY TApPMOHUYECKHUM PsI] PACXOAUTCS, TO U 3aJaHHBIN P TOXKE PACXOIUTCA.

Ilpusnax /lanambepa
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IlycTh 3a1aH 4YMCIOBOM PAA C HEOTPULATEIBHBIMU WICHAMM @, + @, +...+4a, +.... ECIn
. a
cymectByer lim— =1 Toraa cnpaBe/UIMBbI CIEIYIONIUE YTBEPKACHUS:
n—oo an

1) nmpu | <1 nammwli pan cxoaures;

2) npu | >1 nanseni psag pacxoaurcs:;

3) npu | =1 Bonpoc o cxogumMocTH psna TpebyeT JOMOTHUTEIHLHOTO HCCIICI0BAHUS.
<!

Ilpumep. VccnenoBars CXOAUMOCTB psifia 25— C TIoMOIIsI0 Tpu3HaKa J[amamobepa.

n
n=1

I
Pewenue. B nanHom ciayvae an:%, aml:%.
Tak kak (n+1)=nl(n+1), momyyaem | = lim 2 = lim (n+1)5" 1 lim n(n+1) w.
oo g noe 5Nl 5 n—oo n!

[TockonbKy | =c0>1, TO 3aJaHHBIN Psi PACXOIUTCHL.

18. 3HakonepeMeHHbIe YHUCIOBBIE PSIIbI
ChopmynupyeM Tenepb MPU3HAKA CXOAUMOCTU PSIIOB, WICHBI KOTOPHIX UMEIOT Pa3HbIC
3HAKH.

[Mpusnak Jlewbuuna: suaxouepedyrowutics pso U —U, +Us —U, +..., 20e U, >0,
CXOOUMCSL, eCllU BbINONHAIOMCS Cledyouue 08a YCl0BUs:
1) u>u,>u;>u,>...; 2) limu, =0.
n—oo
Cneocmeue. npu 3ameHe CymMmvl 3HAKOUEPEOYyIOULe20Csl paod, Y0081emeopsouie2o
yenosusam meopemnl Jleubnuya, e2o N — ot wacmuunol cymmon S =S, noepewHocms no

abCconomHol 8eIudUHe He NpPeBoCXooum MO0V NepP8oco OMOPOULEHHO20 UYleHa psaod
IR.|<u

n+l*

Psin ¢ mpon3BOJIBHBIM Y€pENOBAHMEM 3HAKOB €0 WIEHOB U; + U, + U; +... CXOOUTCH,
€CIIM CXOJIUTCA PAJl U3 MOJYJIEH €r0 YICHOB \ul\ + ‘Uz‘ + \us\ +... . B aTOoM ciyyae ucxonHeii

3HAKOIIEPEMEHHBIN PsIJT Ha3bIBACTCS AOCOMOMHO CXOOAUSUMCHL.

e8]
CXOI[?IHII/IﬁCSI 3HaKOHepeMeHHbeI paa Zun Ha3bIBACTCA YC/I0O6HO CXO()}ILL;uMC}l, cClin
n=1

0
pan Y |u,| pacxomures.
n=1
19. ®yHKUHOHAJbHDBIE PSAAbI
Pax Uy (X)+Uy(X)+us(X)+...+u,(X)+...., unensr xoroporo — QyHKIMH OT X,

HAa3bIBACTCS (DYHKYUOHANbHBIM psdom. [Ipu kaxaoM (GUKCUPOBAHHOM X (PYHKITMOHATHHBIN
P IPEBPAIASTCS B YUMCIIOBOM U OKA3bIBACTCS JIMOO CXOASAIIMMCS (aOCOMIOTHO HIIA YCIOBHO
CXOIAIIUMCS ), TN00 pacxoasuumcs. COBOKYITHOCTh T€X X, PU KOTOPBIX (DYHKITMOHATILHBIN
PSAZl CXOAUTCSI, HA3BIBACTCS 001acmvio cxooumocmu (PYHKITMOHAIBHOTO psifa. Yaie Bcero
0o0JaCTh  CXOJIMMOCTH  TIPEACTABISIET CcOOOM  Kakoi-To  mpomexyTok ocu  OX.
OYHKUUOHAIBHBIN PSI BUAA
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a, +a,(X—Xg)+a,(x—=Xo ¥ +...4a,(x =%, )" +...:§:an(x— X, )"
n=0

HA3BIBACTCS CMeneHHuiM. 311eCh X, — MPOU3BOJIbHAS (DUKCUpOBAaHHAS TOYKa, a, —

JeHCTBUTEIIBHBIC YUCIIA, UX HA3BIBAIOT KOAPPHUIMCHTAMU CTEIIEHHOTO PSIA.
[Mpu X, =0 creneHHO# psi1 UMEET BUI:

o0
dg+aX+a,X" +...+a, X" +...=> a,x"
n=0

OOnacTh CXOAWMOCTH CTEMEHHOTO psAa MpeAcTaBisieT coOoi aub0 OTpe30K
[XO -R, X, + R] MO0 MHTEpBAI (X0 - R, X, + R), a100 MOIyHMHTEPBAI OJHOTO U3 BHUJOB
[XO - R, X, + R) WJIn (X0 - R, X, + R]. Yuciao R wmaseBaercss paduycom cxooumocmu
CTETICHHOTO PsAJla M HAXOIUTCS TI0 OJTHOU 13 (popmy

) a ) 1
R=1lim n wm R=Ilim——
n—oo an+l n—o n| ‘an‘

CyMMa (DyHKITMOHAJILHOTO Psjia MpeCTaBIsseT co00i (YYHKIIMIO, ONIPEACIICHHYIO B €T0
obnactu cxoauMmocTu. [Ipo Hee TOBOPSAT, YTO OHA pasjiaracTcs B JaHHBIM ()YHKIIMOHAIbHBIH
pan. CymMma CTENEHHOIO psija TpeacTaBiaseTr coboi OeckoHedHO auddepeHIupyeMyo
(GYHKIIUIO BHYTPH MHTEpBaia cXoauMocTd. [Ipmdem KodDHIMEHTH psna eIuHCTBEHHBIM
CIIOCOOOM BBIpAXKAIOTCS Yepe3 Hee U ¢ IMPOU3BOIHBIC.

£(0= 1)+ 00 ) Ve
(n o f(n
o1 n(IXO)(X Xo)" + ..:Z:(:) f (IXO) (X—%o)"

Takoii ps HaseIBaIOT psoom Teiinopa pynxyuu T (X)
[Mpu X, =0, B vacTHOCTH, psix Teinopa UMeEET CACIYIOIINI BUI:

.Xn

f(x)=(0)+ fi(!o)x+ f’2'(!0)X2 +...+$xn +...:2—f(:])!(0)

Psin Teiinopa ¢ menTpoMm pasznoxkenus X, =0 Ha3bIBaloOT Takke psoom Maxnopena.

[Mpusenem pasnoxkenus B psg Teimopa (Makinopena) npu X, =0 ocrosubix
INEeMEHMAPHBIX PYHKYUIL.

2 n
1 e =lt ot bt X e(—oo< X <)
i 21! n!
3 5 2n+l
2. sinx=~ -2 X () 4 xe(-w<x<o)
11 31 5! (2n+1)!
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3. cosx=1—%+%—%+...+(—l)” (;(n)|+... X €(—o0< X <)
4. In(1+x)=x—X?2+X?3—...+(—1)”_1X?n+... xe(-1,1].
5. arctgx:x—§+§—...+(—1)”2)(::11+... xe[-1,1].
g (L+x)" :1+%x+%!_1)x2+.. +
+m(m—l)--r-w(!m—(n—l))xn#” xe[-1,1] mpu m>0

Otumu hopMynamMu yIo0OHO MOJIB30BATHCS JJI PA3JIOKEHUS B CTETIICHHBIE PsAJbI Oosiee
CJIOXKHBIX (DYHKIIHIA.

20.Mlpubau:keHHbIe BHIYMCJEHHUS ¢ MOMOIb IO

CTENMEeHHBbIX PAJTOB

CremneHHbIe Ps/ibl HAXOAAT IIUPOKOE MPUMEHEHUE B MPUOIMKCHHBIX BBIUMCICHUSX.
[Ipu »oTOoM wHCHONB3YyIOTCS (HOPMYJIBI  PA3NIOKEHUs]T B CTENEHHBIE PSIbl  OCHOBHBIX
AIIEMEHTApHBIX (PYHKITUH, IPUBEICHHBIC B TyHKTE 2.

JInst BBIYKCICHHS NPHOIMmKeHHOro 3HadeHust pynkmmn f (X) B €€ Pa3IOXKCHUU B
CTETICHHON pSJI COXPAHSIOTCS TEpBbIE N YJIEHOB, a OCTalbHBbIE OTOpackiBatoTcs. Ecnu
HEOOXOJMMO OIICHWTHh MOTPEINTHOCTh MOJYYCHHOTO MPHOJMKEHHOTO 3HAYCHUS, TO CICIYET
OLICHUTH CYMMY OTOPOIIIEHHBIX YJICHOB.

1
Ipumep. Borauciautb npuOIMKEHHO e,

Pewenue. Bocnonb3yemcs pasnoxeHueM QYHKIUH € B CTENIEHHOM psiJ

1

JIJTs1 BBIYNCIICHHS IPHOIIKEHHOTO 3Ha4YeHns €07 BO3bMEM TPH IIEPBBIX WICHA

x x? 0.1 (0’1)2
e z1+x+7. [Mpu X =01 nomyunm: e” z1+0,1+T:1,1+0,005=0,105 :
01 g

Utak, €~ ~0,105. OrnenuBarh MOrPENIHOCTh BBIYMCICHUH HE OyJeM, MOCKOJBbKY
TOYHOCTh BBIYHMCIICHUI HE 3a/1aBaJIach.

Omeem: €°* ~0,105.

Ocnogvl meopuu éeposmuocmeil
21.Cnyvajinbie coObITHSA. BepoATHOCTD CJAYy4YaliHOTO COOBITHSHA

Cnyuatinblm cobblmuem Ha3bIBAETCS TAKOE COOBITHE, KOTOPOE MOXKET MPOU30UTH WU
HE MPOU30MTH B pe3ybTaTe HEKOTOPOTO UCIbITaHus. VcrbITaHneM MOXET ObITh KaK Kakoe-
TO LIEJICHANIPABIICHHOE ACHCTBHUE YEJIOBEKA, TaK U SABJIICHUE, IIPOUCXOIAIIECE HE3ABUCUMO OT
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Hero. CoydaitHeie coObITHS 0003Ha4alOT OonbimuMu JatuHCkuMu OykBamu A,B,C,....
PaccmoTpum nipuMepsl cilydaiiHbIX COOBITHH:

1. Hacrynaet aeHb 1 uIOHS — UCHBITaHHE, MPUYEM OHO HE 3aBUCUT OT 4delioBeka. B
TeyeHue Bcero qHs | uroHs HaOrogaeTcs sicHasi orojia — cOObITHE.

2. [Ipou3BoauTCst pO3BITPHIIT HOMEPOB JoTepen «CHopTiIoTo» — uchbiTanue. [lepBbim
JIOCTaJTH [Iap C HOMEPOM O — COOBITHE.

KaxxaoMy croydaitHOMy coObITHIO A  craBuTcss B coorTBercTBHe umcio P(A),

npuHagIexamee oTpesky [0,1] u massBaeMoe seposmmuocmuio cobwimua A. ITycte N—

YKCJIO BCEX BO3MOKHBIX HCXOJ/IOB UCIIBITAHUS, @ M — YUCJIO TEX UCXOJI0B, KOTOPBIE MPUBOISAT
K HACTYIUIEHHIO coObITHs A, TOra BeposSTHOCTH onpesensercs GopMyIIoi.

p(A)=%, 0<p(A)<1

Takyio BEpOSTHOCTh Ha3bIBAIOT KIACCUUECKOU 8EPOSAMHOCHbBIO.

IIpumep. bpocatot urpajibHbIii KyOUK, HA TPAHIX KOTOPOTO HAaHECEHbI TOUKaMU Yucia
ot 1 no 6. HaiiTh BEpOSITHOCTB TOTO, YTO BBIMAJIET TPaHb C HEUETHBIM YHCIIOM.

Pewenue. B pe3ynabTaTe NpoBEJEHHOTO HUCIIBITAHUS MOXKET BBINACTD JIF00asi rpaHb, UX
BCETO ILECTH, CIIEA0BATENLHO, BO3MOXKHO LIECTh UCX010B N =6

Ha Tpex rpansx kyOuka HaHeceHbl HEUETHbIC yncia 1, 3, 5. 3HAUUT YUCIIO HUCXOJIOB,
KOTOPBIC TPUBOJIAT K HACTYIICHHUIO COOBITHS A, TO €CTh, K BBINIAJCHUIO IPAHU C HCUETHBIM

ypciioM — Tpu M =3. [Toay4aem p(A)= % = % :% :
Omeem: p(A)= % .

dopMyIra KI1aCCHYECKOW BEPOSTHOCTH MPEATIONAracT KOHEYHOE YUCIIO HCXOMI0B N, HO
OBIBAIOT TaKWE MUCITBITAHUS, KOT/Ia YHCIIO UCXOJ0B OECKOHEUHO.
ITycte F — HexoTopas mnockas durypa, conepxaruast purypy f .

F

B ¢urypy F nayrag 6pocaercs Touka. [Tockonbky durypa F comepxxut 6eckoneunoe
MHOECTBO TOYEK, TO YHCIO MCXOJ0B TAKOTO MUCIBITAHUS Takxke OeCKOHeYHO. PaccMoTpum
coopiTie A, KOTOpOe COCTOMT B TOM, YTO OpolieHHas To4ka momaaeT B (urypy f .

BeposTHOCTB TaKOTO COOBITHS HA3BIBACTCS 2COMEMPULECKOU BEPOSMHOCTBIO Y OTIPENIEISETCS
bopmymoii.

St u Sg —mmomamyu puryp f u F .
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['eomeTpuueckass BEpOSTHOCTb Ha TNPSIMOM U B TPEXMEPHOM MPOCTPAHCTBE
ONpEeNENIIeTCS AHAJIOTMYHO, HO BMECTO IUIONIAJe paccMaTpuBalOTCsl, COOTBETCTBEHHO,
JUIMHBI 1 00 BEMBI.

Ilpumep. YenoBek cTpeisieT B 11eb, IPEICTABIAIONIYI0O CO00M KBaapaT CO CTOPOHOU

a=10 cM, B meHTp KOTOpPOro BHMCaH Kpyr paamyca I = cM. Hantu BepoATHOCTH

Sl

NOMaiaHusl B 3TOT KPYT.
Pewenue. B nannom ciyuyae ¢purypa F —kBanpar, a purypa f —kpyr. Beraucoum ux

25
IUTOTIAIN S =S, =a*>=10" =100, S;=Syp=m’=x-—=25, [Mony4aem
T
S 25 1
p(a)-t- B 1
S. 100 4
1

Omeem: p(A)= 7

Co0bITHE, KOTOpOE 00s13aTeIbHO HACTYNMUT B pe3yJbTaTe HCIBITAaHWS, Ha3bIBaeTCA
docmoeepnbim, €ro BeposTHOCTh paBHa equamie P(A)=1. CobbITHe, KOTOPOE HE MOMKET

IIPOU3OUTH B PE3YJIBTATE UCIIBITAHUS, HA3BIBACTCS HEB03MOICHbIM, €TO BEPOSATHOCTh PaBHA
uymo P(A)=0.PaccMOTpHM NpUMEPHI TAKUX COOBITHIA.

1. B ypue 8 miapoB kpacHoro 1sera. Beinynu Hayrag ofuH. CoObiTHe A : BBIHYTBIN
map KpacHOro mBera. DTo COObITHE JOCTOBEPHOE, TaK KaK KaKo Obl M3 BOCHMHM IIIAPOB HE
JOCTaJIM — OH OYyJIeT KpacHbIM, P (A) =1.

2. B ypHe 8 mapoB kpacHOro IBera. BeiHynu Hayrag onus. CoObitie A : BBIHYTHII
map Oenblif. DTO COOBITHE HEBO3MOMKHOE, ITOCKOJIBKY HH OJWH M3 BOCBMH BO3MOXKHBIX
HICXOIOB HE MOXKET IpHBecTH K codbiTiio A, p(A)=0.

22.CymMa U npou3Be/leHue CayYaiiHbIX COOBITHI

[Tyctb A u B —ciyuaiinbie COOBITHS, KOTOpPbIE MOTYT MPOU3OUTH B PE3yJIbTaTe
HEKOTOporo ucmbiTanus. Cymmou cobvimuti A uB HaspiBaeTcs coObITHE, COCTOSIIEE B
HACTYIICHUH XOTs ObI OHOTO M3 3THX coObITHi. O003HauaroTr A+ B .

Ilpousseoenuem cobvimuti A u B Ha3bIBAETCA COOBITHE, COCTOSIIEE B
OJTHOBPEMEHHOM HJIH MOCJIEI0BATEILHOM HACTYyIICHHH 000ux coObITHii. O003HauaroT A- B

CoOpiTHE, cocTosiiee B He HacTyluieHmn A, Has3bpIBaeTcsa  COOBITHEM,
NPOMUEONON0ACHbIM COOBITHIO A 1 0603HauaeTcs A .

CoObiTuss A u B HasbBatoTCs Hecoémecmubimu, €CIIM OHH HE MOTYT MPOU30HTH
OJTHOBPEMEHHO.

CoObiTuss A u B mHaswBatoTcst Hezasucumvimuy, €ClM HACTYILUICHHE OJHOTO M3 HHUX
HUKAaK HE BJIUSICT Ha BEPOSITHOCTh HACTYIUICHUS APYroro.

PaccMoTpuM nipuMepbl CyMMBI M IIPOM3BEACHHS COOBITHIA.

1. B smuke mapsl Tpex UBETOB: 4 OelbIX, 5 *KeAThIX U 7 3eneHbiX. JlocTaloT Hayran
oxud. Coobrtre A : mocramu 6enbiii map. Coobitre B : mocranm 3enensiii map.

Torma cymma co6bituii (A + B): moctamy Genblii nim 3esenbiii map. Cobbitus A u B

HECOBMECTHBI, TOCKOJBKY JOCTAIOT TOJIBKO OJIMH Iap.
[TpotuBononoxHOe coObITHE A : mocTaau He OCIbIH map.
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2. JIBa cTpenka CTpemsoT Ho OHOM 1 Toi sxe Mumeny. Coosrrie A : mepBsIii cTpenok
nona B nenb. Co6bitue B : BTopoii crpenok moman B nesb.

Tornma cymma coObituii (A+ B): X0Ts ObI OJIMH M3 CTPEJIKOB MOMAJ B LeNb. [Ipuuem B
3TOM IpuMepe coObitust A 1 B coBMeCTHBI, OHU MOTYT IPOH30MTH 00a.

[poussenenue coobituii (A- B): 06a cTpenka nonany B 1elb.

CoObiTHe A-B npoTHBONOJIOXKHOE Tpou3BeacHU0 A-B Oyaer TakuMm: HU OJMH W3
CTPEJIKOB HE IOIall B IIEb.

CoObiTuss A u B B maHHOM ciiyyae HE3aBUCHMBI, TaK KaK BEPOSTHOCTH IOMAIaHUs B
1[eJIb OJHUM CTPEIKOM HE 3aBHCHUT OT IOMAJIaHUs B L[ETb JPYTUM CTPEIKOM.

PaccmoTpuM mpaBuiia BBIYMCICHHS] BEPOSITHOCTEH CIIOKHBIX CIyYaWHBIX COOBITHIM
4yepe3 BEPOSITHOCTH AJIEMEHTAPHBIX COOBITU.

BeposiTHOCTh CyMMBI COOBITHS otpeesieTcs: OpMyJIIOi:

p(A+B)=p(A)+ p(B)- p(A-B)

Ecmu cobbrtus A u B HecoBmecTHB, TO 3Ta (opmyna ymnpormmaercs (Tak Kak

p(A-B)=0) u npuanMaeT BUA: p(A+B)=p(A)+ p(B)
BeposTHOCTh NPOTHBOMOIOXKHOTO COOBITHS A  BBIUMCIAETCS MO CIEAYIOMEMY
npaBuily: p(K): 1-p(A)

BepositHOCTH IpoU3BeIeHNs] COOBITUI OompeaenseTcss GopMyoit

p(A-B)=p(A)- p(B/A)=p(B) p(A/B)
3necy p(B/A)-ycrnosnaa eeposmuocms cobbitHs B mo oTtHomemmio k A. D10

BCPOATHOCTD coobiTus B , BBIYMCJICHHAA B IIPCAIIOJIOKCHUH, YTO A YKC IIPOU30IIIIO.
AHaJIOFI/I‘-IHO, p(A/ B)— YCJIOBHAA BCPOATHOCTD coObITHS A 110 OTHOILEHHIO K COOBITHIO

B.
®dopmysia BEpOATHOCTU MPOU3BEICHUSI COOBITUI YIIPOIIIAETCS B TOM CiIydae, Korja 3Tu

COOBITHSI HE3aBUCHMBI, B 3TOM CJIydae Ha MMEET BHI: p(A-B)=p(A)- p(B)

23.CnyvyaiiHble BeJHYHHBI
Ecnu kaxaoMy coObITHIO A U3 HEKOTOPOrO MHOXECTBA COOBITHI COOTBETCTBYET
kakoe-To uucno X(A), TO TOBOPAT, YTO HAa PacCMaTPUBAEMOM MHOYKECTBE COOBITHIA

OINpENENEeHA CIYYAUHAS ETUYUHA.

Hampumep, co ciayyailHOM BeIMYMHOW CBSI3aHO HCIBITAHUE OPOCAHUS WUTPATBHOTO
KyOuKa, Tak Kak JI000¥ MCXOJl MPUBOJIUT K YHUCTY, N300pa)KEHHOMY Ha BBIMABIICH BepXHEH
I'PaHU.

HcnbiTanue, CBA3aHHOE € JOCTABAaHUEM LIapHUKa U3 YPHBI, B KOTOPON HAXOAATCS Iapbl
pa3HBIX ILBETOB, HE CBA3AHO HM C KAKOM CllydalHOM BenuuuHOM. Ho ecnm maper
MIEPEHYMEPOBAaTh, KaK MPHU PO3BITPHILIE HOMEPOB Urpbl «CIOPTIOTO», TO TAKKE MOIYUUTCS
Cly4arhHas BEJIMYMHA.

CryyaiiHple BEIWYHMHBI NPUHATO 0003HauaTh Oonbimmmu OykBamm XY ,..., a

MPUHUMAEMbIE UMH 3HAYEHUS! — COOTBETCTBYIOLIMMU MaJleHbKUMH OykBamu X,Y,....
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Ecnu 3HaueHus, KOTOpbIE MOXET MPUHHMATH CiaydaiHas BenuumHa X , 00pa3yroT
TUCKPETHBIN (KOHESYHBIN MITM OCCKOHEUHBIN ) PSIT YUCeNT Xq, X5 ,..., Xy ..., TO caMa CirydaitHas

BEJIMYMHA Ha3bIBa€TCs OuckpemHot. Ecnum Te 3HaYeHHs, KOTOpPbIE MOXKET MNPUHUMATh
clilyyaiiHasl BeJIMYMHA X , 3aMOJHSIOT 1SNl KOHCYHBIH WM OCCKOHCUHBIA MPOMEKYTOK
(a,b) ocu OX, To ciryuaiiHas BeIUUMHA HA3BIBAETCS HENPEPbIGHOIL.

[TogOpackiBaHue WrpoBoro KyoOwka (KOCTH) CBSI3aHO C JIMCKPETHOM clydalHOMN
BEJIMYMHON. 3HaYEHUs, KOTOPhIE OHA MOKET MPUHUMATh, 00pa3yrOT KOHEUHBIN JUCKPETHBIHI
psan uucen: 1,2,3,4,5,6.

Paccmompum npumep mnenpepwignou cayuaunou eeauuunvl. JKEHIIMHA BSIKET
IIEPCTAHBIE HOCKH, JJIsl TOr0 OHA MCIOJb3yeT MOTOK HUTOK jumnHOoro 900 merpos. M3-3a
CUJIPHOTO HATSHKCHUS IIEPCTSHAs HUTh WHOTZIA PBETCA, MPUYEM Pa3pPbIB MOXKET MPOU3OUTH
npu Jr000M AMuHE HUTU. B 3TOM ciyyae MMeeT MecTo HempepblBHASA CIIydaiiHas BEJIMYMHA,
MIOCKOJIbKY €€ BO3MOXHbIE 3HaUeHUs (JUIMHA OTOPBABILIEHCS HUTH, CUATas OT Hayajga MOTKA)
3anoasroT npomesxyTok (0,500) ocu OX .

[IpaBmiio, ycTaHaBIMBAIOIIEE CBA3b MEXKIY BO3MOXHBIMHU 3HAYEHUSIMHU CIIydalHOM
BEJIMYMHBI U UX BEPOATHOCTSIMU, HA3BIBACTCS 3AKOHOM pacnpeoeieHus CIyYaiuHol GeIUYUHbI.

3aKoH pacrpeesieHus TUCKPETHON ClTydyailHON BETMYMHbBI, UMEIOIIEeH KOHEYHOE YHCIIO0
3HAUEHUH, 3a/1aeTcsl TAOJIUIEH pacpeieeH s CIEAYIONIEro BUa:

X X, X, X

n

Pi Py P2 e Pn

[Tpu 5TOM BBINIOJHSIETCSA PABEHCTBO [y + Py +...+ P, =1,

IIpumep. B niepBOM AIIMKE IIAPbI C HOMEPAMH OT OJHOIO JI0 TPEX, BO BTOPOM — IIIAPHI
C HOMEepaMmu OAMH U JiBa. JIocTaloT HayraJ No OJHOMY IIapy U3 KaXKJIOTO SIIHUKA U CUUTAOT
CYMMY BBINABIIMX HOMEPOB. I1oCcTpouTh 3aK0H pacnpeneneHus, CTOIOMKOBYIO JUarpaMmy U
MOJIMTOH CITy4alHOW BEJIUYHWHBI.

Pewenue. HalineM Bce 4YHCIOBBIE 3HAYEHMS, KOTOPBIE MOXKET NPUHUMATH
paccMaTpuBaeMas ciiydaiiHasi BenuuuHa. [penonoxum, 4To U3 nepBoro AuUKa J0CTaIH 11ap
¢ HoMepoM . Torga BO3MOKHBI JBa BapHaHTa: U3 BTOPOIO SIIMKA TAKXKE NOCTAJIN AP C
HomepoM 1, mubo map ¢ Homepom 2. Tlomyuaem: X :1+1, 1+2.

Ecnu 13 mepBoro smuyka q0CTaiy map ¢ HOMEpOM 2, TO U3 BTOPOTO MOTJIM IOCTAaTh I1ap
160 ¢ HomepoM 1, 6o ¢ Homepom 2. Ilonmydaem ere ABa 3HAUCHUS CTyYaitHOW BETMYUHBI
X:2+1, 2+2.

Ecnu v3 nepBoro simuka BRITAIIWIM IIAp C HOMEPOM 3, TO, aHAJIOTUYHO PacCyx as,
MOJyYUM €lI€ JBa BO3MOXHBIX BapUaHTa YHCIOBBIX 3HAYEHUW CIYYalHOW BEJIMYUHBI

X :3+1, 3+2.

Nrak, paccMarpuBaemas cilydalHas BEJIWYMHA MOXKET NPUHUMATh IIECTh 3HAYECHUU
X:2, 3, 3, 4, 4, 5.

Cpean miectd 3HaYeHUH BCEro 4 pas3MyHBIX. BBIUKMCIMM BEPOSTHOCTH KaKJIOTO
3HaYeHUs MO QopMyJie KIACCHYECKON BEPOSITHOCTH CIy4ailHOrO COOBITHSI, YYUTHIBAsI, YTO
BCETO IIECTh UCXO/0B, N=6 . 3HaueHHEe X, =2 MPUHUMAETCS TOJIbKO B OJTHOM CIIy4ae, IO3TOMY

1
b =75 3HaueHue X, =3 TMpUHUMAETCs [Ba pasa, I03TOMY COOTBETCTBYIOIIAS €My
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. 3HaUeHUE Xy = 4 TaKxe MMOJIy4acTCAd B ABYX ClIy4dasiax, CJICA0BATCIIbHO,

Wl

2
BEPOATHOCTE P, = =

2 1 1
Ps=5=73" Uucno X, =5 BcTpedaeTcs JUIIb OJAWH pa3, IOITOMY P, =5 Tabnuua (3aKoH)
pacmpesiesieHUs] pacCMaTPUBAEMON CITyYaifHON BEIMYUHBI OYJI€T UMETh CIICITYFOIIHNA BUT;:
X 2 3 4 5
0 1 1 1 1
' 6 3 3 6

24.OcHOBHbIE XapaKTEPUCTHKH COYYAWHBIX BeJTUYHH

Mamemamuueckum odrcuoanuem IUCKPETHOW CIIy4ailHOM BEJIMYMHBI Ha3bIBACTCS
CyMMa IIPOU3BEAECHUIN 3HAYEHUN CIIy4aliHOW BEJIMYMHBI HA BEPOSITHOCTH ITUX 3HAYECHUU

M (X) =X P, + X, P, +...+ X, P,

WJIU B COKpaIlleHHOU opme

M<x>:§xipi

MareMaTudyeckoe OXKHMJaHWE CIy4allHOW BEJIMYMHBI  XapaKTEpPU3yeT CpeIHEe
O’KHMTaeMO€ 3HAUCHUE, MPUHUMAEeMOe CITy4YalHOW BEJIMUMHOU B OOJIBIIIUX CEPUSAX UCTIBITAHHI.

CinyyaiiHple BEJIMYMHBI C PABHBIMM MATEMAaTUUYECKUMHU OXKHUIAHUSIMH MOTYT
CYIIECTBEHHO OTJIMYAaThCA MO CTeneHu Onm3ocTH K Hemy. llokazareneM »Toi Onau3ocTu
CITYKUT JTUCTICPCHUSL.

Jlucnepcuen cirydalHOW BEJIMYMHBI HA3bIBACTCA MAaTEMAaTHUYECKOE OKUAAHUE KBAIpaTa
OTKJIOHEHUS CITy4ailHON BETMYUHBI OT €€ MaTEMAaTUUECKOTO OXKUIaHUs

D(X)=M[X-M(X)]?.

Ecnu 00603HaunTh MaTeMaTHYECKOE OXHUIAHHE CaMOM CIydyalHOW BEJIMYMHBI 4Yepe3

m=M(X), To MIOJTYYUM CISAYIOITIE (OPMYJIBI JJIs BRBIYMCICHHS TUCTIEpCcHH. [{1s TUCKpETHOM

CIIy4yallHOW BEJIMYHUHBI D(X)=3" p,(x; —m)
i=1

Cpednum K8aopamuyHvlM OMKIOHEHUeM CIYyJalHON BeNWYMHbI X  Ha3bIBaCTCSA

BEJIMYMHA O'X=1/Di )

Jlist qucniepcun CIly4aitHOW BEJIMUMHBI CIIpaBeyivBa cienyromas Gopmyia, KoTopas
yHpoInaeT Beluuciaens D(X)=M [(X)2 - mz]: M[X?]-m?, e m=M(X).

MNEPEYEHb TEOPETHYECKHUX BOITPOCOB IJIS1 MIOATI'OTOBKHU K
9K3AMEHY
[TonsiTHE HEOTPEIEIEHHOTO HHTETpaJa.
2. OcHOBHBIE CBOWCTBA HEOMPENEICHHOTO HHTErpaja, HUCHOJB3YIOUINECS  IpH
HAXO0XKJICHUU UHTETPAJIOB.
Tabnua uHTErpaios.
MeToa HHTETPUPOBAHHUS 10 YaCTSIM B HEONIPEACIICHHOM HHTErpaJle.

=

B w
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Merton 3aMeHBI IEPEMEHHOMN B HEOIIPEAEIIEHHOM UHTErpaIe.

IToHATHE M TEOMETPUUECKUI CMBICIT OIPENEICHHOTO UHTErPaJIa.

CBoiicTBa OIpPEAEIIEHHOI0 HHTErpaa.

®opmyna Herotona-JIeliOnuna.

. [IpuMeHeHue onpeieIeHHOr0 UHTErpaia K BEIUUCICHUIO IO eH TUIOCKUX (puryp.

10 [IpumeHeHue onpeeIeHHOTr0 HHTETpaia K BRIYMCIECHUIO 00beMa Telia BpallleHHUs.

11.TTonstue nuddepeHImaIbHOTO YPaBHEHHS U €0 MOpsIKa.

12.TTonsTust 00IIEr0o W 4YacTHOrO penieHui auddepeHnaibHOro ypaBHEHHUST TIEPBOTO
nopsJiKa.

13.I1ocTanoBka 3agaun Ko amns auddepeHnmaibHOro ypaBHEHHs IEPBOTO MOPSIIKA.

14.Meton  pemienus auddepeHINATFHOTO  YpaBHEHHS  TEPBOTO  MOpsAKa C
pa3aeNAIOIUMUCS IEPEMEHHBIMH.

15.0xn0poaHOe AuddepeHnraib-Hoe ypaBHEHHE TIEPBOTo opsiaKa, MeToa ero pemeHusl.

16.JIuneitnoe nuddepeHranbHoe ypaBHEHHE MEPBOTO MOPSAKA, METOJA €r0 PEIICHHUS.
YpaBaenue bepnysm.

17.JIuneitHoe  oxHOpogHOoe Ju((epeHInanTbHOe YpaBHEHUE BTOPOrO  MOPSIKA.
[TocTpoenue ero o0IIETo PEMICHHUS IO KOPHIM XapaKTEPUCTUIECKOTO YPaBHEHHUS.

18.ITocranoBka 3agaun Komm 11t nuddepeHranbHbIX ypaBHEHUI BTOPOTO MOPSIKA.

19.Jlunelinoe HeomHOpoaHOe nuddepeHIManbHOE YpaBHEHHE C  IOCTOSHHBIMU
koddunrenTamu. CTpyKTypa ero oOIiero pemeHus.

20.IToHsiTHE YMCIIOBOTO psifa, YaCcTM4YHAs CyMMa, cymma psjaa. [loHsTHE CXOAMMOCTH.
[ToHsiTHE YMCIIOBOTO psiAa C MOJIOKUTEIBHBIMU YJICHAMH.

21.HeoOxoaumoe yciaoBUE CXOAUMOCTH.

22 ITpuznak Jlanambepa CXOAMMOCTH YMCIOBBIX PSIIOB C MOJOKUTEIbHBIMH YJICHAMHU.

23.ITpu3nak Kommm cXxoquMoCTH YHCTIOBBIX PSAZOB C MOJIOKUTEIHHBIMU YJICHAMH.

24 TTpu3Hak CpaBHEHUS JUISI PSAAOB C TIOJIOKUTEITHHBIMU YJICHAMH.

25.3HaKonepeMeHHbIE YUCIIOBBIE pAbL. [IoHITHS aOCOMIOTHON U yCTTOBHON CXOAMMOCTH.

26.ITonsiTrie HyHKIMOHATBEHOTO psifa, 00J1aCTh CXOAUMOCTH. CTETIEHHBIE PSIbI.

27.PaznoskeHre B CTETICHHBIE PSIbI AJIEMEHTAPHBIX (DYHKIIHA.

28.1IpuMeHeHUs CTETICHHBIX PSAIOB K MPUOJIMKEHHBIM BBIUHACICHUSIM.

29.Ilonstue  coydaiiHoro coObiTus. Kiaccumueckoe — ompelelieHHe  BEPOSTHOCTH
cirydaitHoro coObITHs. CBOMCTBA BEPOSTHOCTH.

30.'eomeTpuueckast BEpOITHOCTb CITy4alHOTO COOBITHS.

31.CoBMecTHBIE 1 HECOBMECTHBIE COOBITHS. 3aBUCUMBIE U HE3aBUCHUMBIE COOBITHS.

32.IIpousBenenne coobITU. BeposTHOCT Mpou3BeneH s (B IBYX CIIydasix).

33.Cymma coObITHil. BeposTHOCTH CyMMBI COOBITHH (B ABYX CIy4asix).

34.TlonsTre cny4yaitHOW BeIMUMHBL. [IMCKpETHBIE U HEMPEPHIBHBIC CIIyYaliHbIC BETNIHHBI.

35.3aKko0H pacnpeaesnenns JUCKPETHOM ClTydyaifHOM BETUYHUHBI.

36.MaremaTtnueckoe OKHUJAHUE, NUCIEPCUS M CpedHEee KBaIpaTHUECKOE OTKJIOHEHHE

JTHUCKPETHOW CIIy4alHOU BEJIMYMHBI.
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